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SUMMARY

1) We lay out a strategy for a rigorous determination  

of Tcc and related systems from Lattice QCD

2) We discuss resolution of the "left-hand cut problem"  

both in the finite volume and in the continuum

3) We generalize and solve relativistic EFT three-body  

equations and apply them to existing lattice data 
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Three-body effects strongly impact properties of the 
tetraquark due to the proximity of the DDπ thresholds.

Meng-Ling Du et al., PRD 105, 014024 (2022)

Xu Zhang, PRD 109, 094010 (2024)
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For heavy pion, thresholds are inverted but 
three-body effects still play an important role
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The left-hand cut problem

Presence of the left-hand cut:

a) invalidates the Lüscher formalism

b) invalidates the effective-range expansion

Role of the left-hand cut contributions on pole extractions from lattice data...  
Meng-Lin Du et al., PRL 131, 131903 (2023)

￼3

Incorporating DDπ effects and left-hand cuts in lattice QCD studies of Tcc 
Hansen, Romero-López, Sharpe, arXiv:2401.06609


Raposo, Hansen, arXiv:2311.18793 
Lu Meng et al., Phys.Rev.D 109, L071506 (2024) 
Bubna et al. JHEP 05 (2024)
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rhc

increasing m
π

At the pion mass increases, the right-hand cut of the 
physical pion exchange travels below the threshold



Breakdown of the Lüscher formalism

￼4

Analytic continuation of the relativistic three-body amplitudes

Dawid, Islam, Briceño, PRD 108 (2023) 3, 034016

Numerical exploration of three relativistic particles...

Romero-Lopez et al. JHEP 10 (2019) 007
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<latexit sha1_base64="V3PdCl9VsDRyK2k22CYedXw3P04=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqpLCWpEDBWsDAWiT6kNkSO67RWnQf2DaKKsrDwKywMIMTKP7DxN7hpBmg5kqWjc+71sY8bcSbBNL+1wsLi0vJKcbW0tr6xuaVv77RkGAtCmyTkoei4WFLOAtoEBpx2IkGx73LadkeXE799T4VkYXAD44jaPh4EzGMEg5Icfb8H9AGyexKXYzJKk8qd4x77R7e11NHLZtXMYMwTKydllKPh6F+9fkhinwZAOJaya5kR2AkWwAinaakXSxqpEDygXUUD7FNpJ1l6ahwqpW94oVAnACNTf28k2Jdy7Ltq0scwlLPeRPzP68bgndsJC6IYaECmQV7MDQiNSSVGnwlKgI8VwUQw9VaDDLHABFRxJVWCNfvledKqVa3TqnV9Uq5f5HUU0R46QBVkoTNUR1eogZqIoEf0jF7Rm/akvWjv2sd0tKDlO7voD7TPH6RjmKU=</latexit>

(qb/m)2

3-body QC2-body QCInt. eqs. LSZ



Breakdown of the Lüscher formalism

￼4

Analytic continuation of the relativistic three-body amplitudes

Dawid, Islam, Briceño, PRD 108 (2023) 3, 034016

Numerical exploration of three relativistic particles...

Romero-Lopez et al. JHEP 10 (2019) 007
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<latexit sha1_base64="52aL0PjG86nzGnHqi976x3mPqr8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkiLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpFWruudV9+6sUr8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/iKWXAQ==</latexit>

ma = 2
<latexit sha1_base64="Dj6vPPCnN4Bkm6UWJBya5dN7fn8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpHVWdWtV9+68Ur8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/jrmXBQ==</latexit>

ma = 6
<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16

<latexit sha1_base64="6JBsNFZlhu3/pw9SwqioMaF35Uo=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWLkbBKu6mUMugjYVFBPOAPJbZyWwyZPbhzF0xLFva+Cs2IorYCv6Anb/hB4iTTQpNPDBwOOe+5jghZxJM81PLzMzOzS9kF3NLyyura/r6RlUGkSC0QgIeiLqDJeXMpxVgwGk9FBR7Dqc1p3869GvXVEgW+JcwCGnLw12fuYxgUJKtbzeB3kA6J3Y4Jv0kvmoX7fjcSg68djGx9bxZMFMY08Qak3xp1/yKH7/fy7b+0ewEJPKoD4RjKRuWGUIrxgIY4TTJNSNJQ7UHd2lDUR97VLbi9IDE2FNKx3ADoZ4PRqr+7oixJ+XAc1Slh6EnJ72h+J/XiMA9bsXMDyOgPhktciNuQGAMUzE6TFACfKAIJoKpWw3SwwITUNnlVAjW5JenSbVYsA4L1oWVL52gEbJoC+2gfWShI1RCZ6iMKoigW3SPntCzdqc9aC/a66g0o417NtEfaG8/NIyeiA==</latexit>

q2L1/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="9eKYvZfKzyXNIDMeYO0owSyU1nQ=">AAACGXicbVDLSsNAFJ34tr6iLt0MFkE3NRFRl0U3LhWsLTQhTKa3dnDycOamWEJ+w42/4saFIi515d84jV1o64GBwzn3NSdMpdDoOF/W1PTM7Nz8wmJlaXlldc1e37jWSaY4NHgiE9UKmQYpYmigQAmtVAGLQgnN8PZs6Df7oLRI4iscpOBH7CYWXcEZGimwHQ/hHss5eSgZvy3y3bsg3I/2PJ6g1wGJLMi9PlNpT9CwKAK76tScEnSSuCNSJSNcBPaH10l4FkGMXDKt266Top8zhYJLKCpepiE1i9kNtA2NWQTaz8uLCrpjlA7tJsq8GGmp/u7IWaT1IApNZcSwp8e9ofif186we+LnIk4zhJj/LOpmkmJChzHRjlDAUQ4MYVwJcyvlPaYYRxNmxYTgjn95klwf1Nyjmnt5WK2fjuJYIFtkm+wSlxyTOjknF6RBOHkgT+SFvFqP1rP1Zr3/lE5Zo55N8gfW5zcrzqGk</latexit> (q
b
/m

)
co
t
� '

b

<latexit sha1_base64="V3PdCl9VsDRyK2k22CYedXw3P04=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqpLCWpEDBWsDAWiT6kNkSO67RWnQf2DaKKsrDwKywMIMTKP7DxN7hpBmg5kqWjc+71sY8bcSbBNL+1wsLi0vJKcbW0tr6xuaVv77RkGAtCmyTkoei4WFLOAtoEBpx2IkGx73LadkeXE799T4VkYXAD44jaPh4EzGMEg5Icfb8H9AGyexKXYzJKk8qd4x77R7e11NHLZtXMYMwTKydllKPh6F+9fkhinwZAOJaya5kR2AkWwAinaakXSxqpEDygXUUD7FNpJ1l6ahwqpW94oVAnACNTf28k2Jdy7Ltq0scwlLPeRPzP68bgndsJC6IYaECmQV7MDQiNSSVGnwlKgI8VwUQw9VaDDLHABFRxJVWCNfvledKqVa3TqnV9Uq5f5HUU0R46QBVkoTNUR1eogZqIoEf0jF7Rm/akvWjv2sd0tKDlO7voD7TPH6RjmKU=</latexit>

(qb/m)2
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<latexit sha1_base64="52aL0PjG86nzGnHqi976x3mPqr8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkiLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpFWruudV9+6sUr8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/iKWXAQ==</latexit>

ma = 2
<latexit sha1_base64="Dj6vPPCnN4Bkm6UWJBya5dN7fn8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLoRim5cVrAPaEOZTCft0MkkzNyIJWTjr7hxoYhbP8Odf+M0zUJbDwwczrmvOX4suAbH+baWlldW19ZLG+XNre2dXXtvv6WjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h4mMfNCMpQ84JSAkfr2YQ/YI+RzUl8QOs7SkFzVsr5dcapODrxI3IJUUIFG3/7qDSKahEwCFUTrruvE4KVEAaeCZeVeolls5pMh6xoqSci0l+aLM3xilAEOImWeBJyrvztSEmo9CX1TGRIY6XlvKv7ndRMILr2UyzgBJulsUZAIDBGepoEHXDEKYmIIoYqbWzEdEUUomMzKJgR3/suLpHVWdWtV9+68Ur8u4iihI3SMTpGLLlAd3aIGaiKKMvSMXtGb9WS9WO/Wx6x0ySp6DtAfWJ8/jrmXBQ==</latexit>

ma = 6
<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16

<latexit sha1_base64="6JBsNFZlhu3/pw9SwqioMaF35Uo=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWLkbBKu6mUMugjYVFBPOAPJbZyWwyZPbhzF0xLFva+Cs2IorYCv6Anb/hB4iTTQpNPDBwOOe+5jghZxJM81PLzMzOzS9kF3NLyyura/r6RlUGkSC0QgIeiLqDJeXMpxVgwGk9FBR7Dqc1p3869GvXVEgW+JcwCGnLw12fuYxgUJKtbzeB3kA6J3Y4Jv0kvmoX7fjcSg68djGx9bxZMFMY08Qak3xp1/yKH7/fy7b+0ewEJPKoD4RjKRuWGUIrxgIY4TTJNSNJQ7UHd2lDUR97VLbi9IDE2FNKx3ADoZ4PRqr+7oixJ+XAc1Slh6EnJ72h+J/XiMA9bsXMDyOgPhktciNuQGAMUzE6TFACfKAIJoKpWw3SwwITUNnlVAjW5JenSbVYsA4L1oWVL52gEbJoC+2gfWShI1RCZ6iMKoigW3SPntCzdqc9aC/a66g0o417NtEfaG8/NIyeiA==</latexit>

q2L1/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="GjlBsNNUz3GnNDtBBWDwSW5bw5c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLF6NgFXe3UMugjYVFBPOAvJidTJIhsw9n7oph2NLGX7ERUcRW8Afs/A0/QJxsUmjigYHDOfc1xw05k2BZn0ZqZnZufiG9mFlaXlldy65vlGUQCUJLJOCBqLpYUs58WgIGnFZDQbHnclpx+6dDv3JNhWSBfwmDkDY83PVZhxEMWmplt+tAbyCZo1yOST9WV02npc6d+MBrOnErm7PyVgJzmthjkivsWl/q8fu92Mp+1NsBiTzqA+FYyppthdBQWAAjnMaZeiRpqPfgLq1p6mOPyoZKDojNPa20zU4g9PPBTNTfHQp7Ug48V1d6GHpy0huK/3m1CDrHDcX8MALqk9GiTsRNCMxhKmabCUqADzTBRDB9q0l6WGACOruMDsGe/PI0KTt5+zBvX9i5wgkaIY220A7aRzY6QgV0hoqohAi6RffoCT0bd8aD8WK8jkpTxrhnE/2B8fYDNhaeiQ==</latexit>

q2L2/m
2

<latexit sha1_base64="9eKYvZfKzyXNIDMeYO0owSyU1nQ=">AAACGXicbVDLSsNAFJ34tr6iLt0MFkE3NRFRl0U3LhWsLTQhTKa3dnDycOamWEJ+w42/4saFIi515d84jV1o64GBwzn3NSdMpdDoOF/W1PTM7Nz8wmJlaXlldc1e37jWSaY4NHgiE9UKmQYpYmigQAmtVAGLQgnN8PZs6Df7oLRI4iscpOBH7CYWXcEZGimwHQ/hHss5eSgZvy3y3bsg3I/2PJ6g1wGJLMi9PlNpT9CwKAK76tScEnSSuCNSJSNcBPaH10l4FkGMXDKt266Top8zhYJLKCpepiE1i9kNtA2NWQTaz8uLCrpjlA7tJsq8GGmp/u7IWaT1IApNZcSwp8e9ofif186we+LnIk4zhJj/LOpmkmJChzHRjlDAUQ4MYVwJcyvlPaYYRxNmxYTgjn95klwf1Nyjmnt5WK2fjuJYIFtkm+wSlxyTOjknF6RBOHkgT+SFvFqP1rP1Zr3/lE5Zo55N8gfW5zcrzqGk</latexit> (q
b
/m

)
co
t
� '

b

<latexit sha1_base64="V3PdCl9VsDRyK2k22CYedXw3P04=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqpLCWpEDBWsDAWiT6kNkSO67RWnQf2DaKKsrDwKywMIMTKP7DxN7hpBmg5kqWjc+71sY8bcSbBNL+1wsLi0vJKcbW0tr6xuaVv77RkGAtCmyTkoei4WFLOAtoEBpx2IkGx73LadkeXE799T4VkYXAD44jaPh4EzGMEg5Icfb8H9AGyexKXYzJKk8qd4x77R7e11NHLZtXMYMwTKydllKPh6F+9fkhinwZAOJaya5kR2AkWwAinaakXSxqpEDygXUUD7FNpJ1l6ahwqpW94oVAnACNTf28k2Jdy7Ltq0scwlLPeRPzP68bgndsJC6IYaECmQV7MDQiNSSVGnwlKgI8VwUQw9VaDDLHABFRxJVWCNfvledKqVa3TqnV9Uq5f5HUU0R46QBVkoTNUR1eogZqIoEf0jF7Rm/akvWjv2sd0tKDlO7voD7TPH6RjmKU=</latexit>

(qb/m)2

3-body QC2-body QCInt. eqs. LSZ

1. Apply the three-body quantization condition to states with 
Tcc quantum numbers (regardless of the pion mass)


2. Extract the DDπ-relevant two-and three-body K matrices

3. Solve the integral equations relating these objects to the 

continuum DDπ scattering amplitude

4. Employ the LSZ reduction formula to obtain the DD* 

amplitude that accounts for the pion exchanges

STRATEGY



REFT finite-volume quantization
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Lattice QCD and three-particle decays of resonances   
Hansen, Sharpe, Ann. Rev. Nucl. Part. Sci. 69 (2019) 65-107

Incorporating DDπ effects and left-hand cuts in lattice QCD studies of Tcc+ 
Hansen, Romero-López, Sharpe, arXiv:2401.06609

Relativistic three-particle quantization condition for non-degenerate scalars 
Three-particle finite-volume formalism for π+π+K+ and related systems  
Blanton, Sharpe, PRD 103 (2021) 5, 054503 and PRD 104 (2021) 3, 034509

Generalization to the relevant isospin

(Dπ)D

(Dπ)D

(DD)π

(DD)π



REFT three-body integral equations
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One−particle exchanges

Short−range amplitude External−state rescatterings

diagrams by A. Jackura from PRD 100 (2019) 3, 034508

Equivalence of three-particle scattering formalisms 
Jackura, Dawid, Fernandez-Ramirez, et al., PRD 100 (2019) 3, 034508

Three-body scattering: Ladders and Resonances 
Mikhasenko, Wunderlich, Jackura, et al., JHEP 08 (2019) 080

Expressing the three-particle finite-volume spectrum in terms of the 
three-to-three scattering amplitude 
Hansen, Sharpe, Phys.Rev.D 92 (2015) 11, 114509

Diffractive Production and Rescattering of Three Particle Systems 
Brayshaw, Phys.Rev.D 18 (1978) 2638
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Generalizing to DDπ Dawid, Romero-López, Sharpe, in preparation

The amplitude becomes a matrix describing coupled-
channel scattering between pairs and spectators of 
different angular momenta (PW mixing allowed)

JP = 1+

Partial-wave projection of the one-particle exchange in three-body scattering amplitudes

Jackura, Briceño, PRD 109, 096030 (2024)

(DD)π(Dπ)D(Dπ)D(Dπ)D

(DD)π

(Dπ)D

(Dπ)D

(Dπ)D

D
D

Driving processes

π π

D

D
D

π
π

π
D

D D

D



Including three-body forces

Matrix-integral equation governed by the symmetric 
three-body K matrix and two-body rescatterings.

 

Implementing the three-particle quantization condition for ππK and related systems

Blanton, Romero-López, Sharpe, JHEP 02 (2022) 098

Threshold expansion

The last term contributes, for instance,

￼8

Relative two−body momentum in a pair
Boost to pair′￼s rest frame

JP = 1+

Dawid, Romero-López, Sharpe, in preparation

Solution of another integral equation is unnecessary 
for certain models of the three-body K matrix

′￼
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Fixing the scattering parameters

Mohler et al., PRD 87, 034501 (2012)

Becirevic, Sanfilippo, PLB 721 (2013) 94-100

Moir et al. (HadSpec), JHEP 10 (2016) 011 (2016)

Gayer et al. (HadSpec), JHEP 07 (2021) 123

Yan et al., arXiv: 2404.13479 (2024)

Scattering parameters

mπ ≈ 280 MeV
mD ≈ 1927 MeV
mD* ≈ 2049 MeV

κ = mπ /mD ≈ 0.145
κphys ≈ 0.073

Dawid, Romero-López, Sharpe, in preparation

Padmanath, Prelovsek, PRL 129, 032002 (2022)

Heavy−light meson ChPT



￼10

Blatt−Biederharn parametrizationPartial-wave mixing amplitude

(a) we find a sub-threshold complex pole (agreement with the NR EFT analysis)  
(b) simple model of three-body forces is enough to describe data 
(c) partial-wave mixing is small (not shown here) 
(d) Dπ S-wave scattering is (almost) negligible (not shown here)

Observations: 

Preliminary
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left−hand cut

first sheet

second sheet

Im
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The recently updated lattice data

Preliminary (unpublished) data set presented at the Lattice 24 conference talk: 
Ivan Vujmilovic "Tcc via plane-wave approach and including diquark-antidiquark operators"

￼11

(a) single-parameter model flexible enough to match new results 
(b) tetraquark might appear as a virtual state? 
(c) status of the ERE is unclear

Ortiz-Pacheco et al. arXiv:2312.13441

Preliminary

Observations: 
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Comparing the finite-volume spectra

Further observations

• two-body QC breaks down 

near the lhc for too small 
lattice volumes


• attractive interaction in J=0 
consistent with the lattice; 
(other K3 terms needed)

Padmanath
Prelovsek 2−body QC 3−body QC

2-body QC3-body QC
E

Pr
el

im
in

ar
y



￼12

Comparing the finite-volume spectra

Further observations

• two-body QC breaks down 

near the lhc for too small 
lattice volumes


• attractive interaction in J=0 
consistent with the lattice; 
(other K3 terms needed)

Padmanath
Prelovsek 2−body QC 3−body QC

2-body QC3-body QC
E

Pr
el

im
in

ar
y The JP = 0− amplitude

PRL 129, 032002, parametrization



￼12

Comparing the finite-volume spectra

Further observations

• two-body QC breaks down 

near the lhc for too small 
lattice volumes


• attractive interaction in J=0 
consistent with the lattice; 
(other K3 terms needed)

Padmanath
Prelovsek 2−body QC 3−body QC

2-body QC3-body QC
E

Pr
el

im
in

ar
y



Summary

Towards the tetraquark from Lattice QCD

 resolution of the left-hand cut problem


 generalization of the three-body equations


 comparison with the existing lattice results


 model of Tcc = initial condition for LQCD studies

￼13

Integral eqs. ResonancesLattice QCD Spectrum

E

Finite Volume Infinite Volume

3-body QC

Next steps

Systematics of the K matrices 


Systematic application to lattice data


Three-body computation of Tcc


Formalism for the Roper resonance



Thank you



Pair-spectator amplitude

￼15

Illustrations by A. Jackura (arXiv:2208.10587, arXiv:2312.00625)

Pair−spectator amplitude

On-shell three-body elastic amplitude depends on eight kinematical variables: 
- two angles defining orientation of the initial-state pair 
- two angles defining orientation of the final-state pair 
- one angle defining orientation between spactators (pairs) 
- invariant mass of the initial and final pair 
- total energy


