
The Unitarity Limit of the NN System

With Perturbative Pions
H. W. Grießhammer

Yu Ping Teng (MSc)

Institute for Nuclear Studies
The George Washington University, DC, USA

1 Emergent Phenomena in Nuclear Physics: “Order from Chaos”

2 What Is The Unitarity Limit? And Why Should I Care?

3 Unitarity With Perturbative Pions in NN

4 Concluding Hypothesis

How to root Nuclear Physics in QCD?
What is the underlying principle that makes simple

structures emerge from complex nuclear dynamics?

Hypothesis (at least fpr perturbative pions):
Tensor-OπE does not enter before N3LO.

König/hg/Hammer/van Kolck: Phys. Rev. Lett. 118 (2017) 202501 [1607.04623] [nucl-th]

Teng/hg: MSc Thesis GW 2023 and in preparation
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1. Emergent Phenomena in Nuclear Physics: “Order from Chaos”
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chart adapted from G. Henning

The Standard Model

Underlying theory of Nuclear Physics:

QCD, only 3 parameters: mu,md(,ΛQCD)

Emergence & Reductionism:

“simple” QCD =⇒ rich low-E structure =⇒ patterns

How important are anomalously large NN scatt. lengths?:

a(1S0) =−23.7 fm, a(3S1) = +5.4 fm (Bd =2.225MeV)

What are unique signals of QCD symmetries & dynamics?

=⇒ Quantitatively differentiate between:

“Trivial”⇐⇒ “Interesting” observables

Universality⇐⇒ QCD/Chiral Dynamics
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2. What Is The Unitarity Limit? And Why Should I Care?
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for

cotδ � |i|
i.e. δ → 0

=⇒
Born approximation:

interactions small & perturbative,
their scales & details drive TNN

no bound states

1
−ik

[
1+

cotδ

i
+ . . .

]
for

cotδ � |i|
i.e. δ → 90◦

=⇒
Unitarity Limit:
interactions non-perturbative,
LO: no scales in TNN,
bound state at k = 0 (pole in TNN)

=⇒ σLO =
4π

k2
k→0−→∞ saturates unitarity bound: maximum allowed by probability conservation.

30 MeV . kcm . mπ : NN scattering

well inside unitarity window |cotδ |<|i|.

How much of Nuclear Physics does

really depend on details of QCD?

How much just from (corrections to)

universal aspects around unitarity?
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(a) Expanding About the Unitarity Limit in EFT(/π) König/hg/Hammer/van Kolck:
PRL 2017 [1607.04623]

ERE: =
4π
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a priori

justified if

inverse scattering length/
inverse NN system size/
NN binding momentum

0← 1
a
� typ. momentum k�Λ/π

???∼mπ∼
1
r0

breakdown/
resolution

scale.

LO: No dimensionful NN scale =⇒ BLO
2 = 0

NLO: perturb in a, r0, Coulomb:
1
ka
≈ r0k ≈ 1

3
=⇒ BN2LO

2 =
1

Ma2

(
1+

r0

a

)
→ 2.2246 MeV X.
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(b) Symmetries in the Unitarity Limit
mπ

mcrit
π

unstable

(NN)1S0

stable (NN)1S0

NPLQCD 2006

χEFT cannot explain anomalous

scatt. lengths/shallow binding: Worlds with a .
1

mπ

!

Noether Theorem: Symmetries and their

breaking all-important in Modern Physics.

(1) Amplitude saturated at Unitarity Limit: σ =
4π

k2 maximal (probability conservation).

(2) Scale Invariance: k cotδ = 0 (a =∞, ri = 0): no scale =⇒ continuous symmetry~r→ eλ ~r.

Dynamically broken in 3N by Efimov effect (quantum renormalisation) to discrete invariance~r→ 22.7 . . . ~r.

(3) Wigner’s Symmetry: 2 spin-channels in LO EFT(/π)/Effective Range Expansion: =
4π

M
1

−1
a
− ik

.

For a(3S1) = a(1S0), scattering amplitudes TNN(
3S1) = TNN(

1S0) symmetric under combined

spin-isospin rotations


p ↑
p ↓
n ↑
n ↓

→U


p ↑
p ↓
n ↑
n ↓

: Wigner’s SU(4) symmetry (1937 in heavy nuclei) automatic.
cf. Mehen/Stewart/Wise 1999

Theorists love unitarity limit as point of high symmetry: Wigner’s SU(4)+ scale-invariance.

Nature: Small breaking
1/a(3S1),1/a(1S0)

mπ ∼ 1/r0
≈ 1/a(3S1)−1/a(1S0)

mπ ∼ 1/r0
≈ 0.3 in perturbation.
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3. Unitarity With Perturbative Pions in NN

(a) Unitarity With Perturbative Pions at NLO perturbative pions to NLO: Kaplan/Savage/Wise 1997
unitarity for them: Teng/hg: MSc Thesis GW 2023, in preparation

mπ
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One-Pion Exchange breaks Wigner-SU(4)
& new scales mπ , fπ break scale inv.:

↓~q : − g2
A

4 fπ
2
~τ1 ·~τ2

(~σ1 ·~q)(~σ2 ·~q)
~q2 +mπ

2

=⇒ Explore transition EFT(/π)/ERE→χEFT by

EFT with perturbative pions EFT(KSW):

well-defined, convergent for k . 200 MeV.

additional NLO terms: eff. range ints.
a
r0

pion exchange

ka� 1
=⇒ T (k) =

4πi
M

1
k︸ ︷︷ ︸

LO

+
4π

M

(
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k2a
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2

)
− g2

A
4 f 2

π

[
1− m2

π

4k2 ln
(

1+
4k2

m2
π

)]
︸ ︷︷ ︸

NLO
Remarkable for Perturbative Pions at NLO:

(1) Pion part identical in 1S0 and 3S1: Wigner’s SU(4) spin-isospin symmetry still emerges naturally.

(2) NLO for mπ � k minimised for magic effective range r0→ rχ :=
g2

AM
8π f 2

π

≈ 1.4 fm, independent of mπ .

=⇒ Unitarity, Wigner’s SU(4) and chiral limit mπ → 0 align naturally for Perturbative Pions at NLO.
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(b) Perturbative Pions to N2LO: 1S0
perturbative pions to N2LO: Fleming/Mehen/Stewart 2000
unitarity for them: Teng/hg: MSc Thesis GW 2023, in preparation
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N2LO additions include 2 One-π Exchanges.
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r0

a
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etc.

Pion part breaks Wigner-SU(4) & scale-inv.

Strict perturbation in

kcotδ = 0LO + kcotδNLO + kcotδN2LO

=−4π

M

[
TNLO
T 2

LO
− T 2

NLO
T 3

LO
+

TN2LO
T 2

LO

]
.

Advantage: kcotδ (k→ 0)→ 0 or π .

1S0 is “boring” partial wave: no tensor int.

Preliminary uncertainty assessment:

max{k;mπ}
ΛNN ≈ 300 MeV

×∆kcotδN2LO

=⇒ Converges order-by-order . 300 MeV.

Agrees within uncertainties with Njimegen

. 250 MeV (even outside unitarity window).

Compare to EFT(/π): minuscule impact of π .
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(c) Perturbative Pions to N2LO: 3S1
perturbative pions to N2LO: Fleming/Mehen/Stewart 2000
unitarity for them: Teng/hg: MSc Thesis GW 2023, in preparation
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Pion part breaks Wigner-SU(4) & scale inv.

3S1 is “interesting” partial wave:

tensor-OπE&SD mixing, also in S
S
D S

kcotδ =−4π

M

[
TNLO
T 2

LO
− T 2

NLO
T 3

LO
+

TN2LO
T 2

LO
+

T 2
SD

T 3
LO

]
=⇒ Terrible convergence (already in FMS):

Converges order-by-order . 80 MeV.

Agrees within uncertainties with Njimegen

. 70 MeV (not even in Unitarity window).

Compare to EFT(/π): huge impact of π .

Source of discrepancy: tensor int. (via SD).

(central is identical in 3S1&1S0)

KSW Unitarity, ChiDyn Bochum 15+5’, 26.08.2024 Grießhammer, INS@GWU 7.1



(c) Perturbative Pions to N2LO: 3S1
perturbative pions to N2LO: Fleming/Mehen/Stewart 2000
unitarity for them: Teng/hg: MSc Thesis GW 2023, in preparation
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Pion part breaks Wigner-SU(4) & scale inv.

3S1 is “interesting” partial wave:

tensor-OπE&SD mixing, also in S
S
D S

Broken Wigner-SU(4) spoils convergence!

Idea: Use Wigner-SU(4)-symmetric π part.

=⇒ Only 1S0-3S1 differences of a & r0

break Wigner-SU(4).

RG-invariant, mildly χsymmetry-breaking.

=⇒ Converges order-by-order &300 MeV.

Agrees within uncertainties with Njimegen

&300 MeV (even outside Unitarity window).

EFT(/π) comparison: tiny impact of π .

=⇒ All very similar to 1S0.
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4. Concluding Hypothesis Teng/hg: MSc Thesis GW 2023, in preparation

S S
D S in 1S0: VC(r) —- in 3S1:

(
VC(r)

√
8 VT (r)√

8 VT (r) VC(r)−2VT (r)

)
=⇒

Wigner-symm. is only VC(r)

Wigner-SU(4) broken by VT (r)

Hypothesis (at least for perturbative pions):

The tensor/Wigner-SU(4) symmetry-breaking part of One-Pion Exchange in 1S0/3S1

is super-perturbative, i.e. does not enter before N3LO (suppressed by at least 1 more order)!

⇐⇒ Persistence: Footprint of Symmetries in Unitarity Limit extends far into ptyp & mπ ,

even more relevant than exact chiral symmetry between nucleons?!

Chiral Physics: One-Pion Exchange introduces new scales, mπ , fπ , and

∝ (σ1 ·q)(σ2 ·1)(τ1 · τ2) really does not like Wigner SU(4), but projection into S waves forces into it.

Evidence:

Convergence both order-by-order and to NN S-wave phase shifts up to N2LO starting from unitarity limit.

Appeal:

Unitarity limit (incl. Wigner-SU(4)) provides perturbation about point of high symmetry:

offers protections in renormalisation.

“Coincidence”:

No tensor int. at N2LO solves also issue that perturbative pions vastly overpredict 3SD1 mixing and 3D1 at N2LO:

zero in Wigner, small breaking beyond N2LO.
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