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Two-Photon Exchange in (Muonic) Atoms

Proton radius puzzle Xp 2languages v

Article Talk Read Edit View history Tools

From Wikipedia, the free encyclopedia

The proton radius puzzle is an unanswered problem in physics relating to the size of the proton.[” Historically the proton charge
radius was measured by two independent methods, which converged to a value of about 0.877 femtometres (1 fm = 10715 m). This
value was challenged by a 2010 experiment using a third method, which produced a radius about 4% smaller than this, at 0.842
femtometres.[Zl New experimental results reported in the autumn of 2019 agree with the smaller measurement, as does a re-analysis

of older data published in 2022. While some believe that this difference has been res-:}lved,:3]:""] this opinion is not yet universally held.
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Two-Photon Exchange in (Muonic) Atoms

e The ,third method": spectroscopy of muonic atoms
Antognini, Pohl, many others (CREMA), 2010-...
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Two-Photon Exchange in (Muonic) Atoms

See F. Hagelstein’s talk on Fri for more on it

* The ,third method": spectroscopy of muonic atoms
Antognini, Pohl, many others (CREMA), 2010-...

* More sensitive to nuclear charge radii Bohr radius

. . _ ~1
* But also greater sensitivity to subleading nuclear response a = (Zoumy)
Rg. charge radius

. 2n/ox 1 Zom,
Lamb Shift:  AE,s = 3 (an)? [RE i RE] + ... Rr: Friar radius

 Dominant nuclear structure effect: Two-Photon Exchange (TPE)

P P

Pachucki, VL, Hagelstein, Li Muli, Bacca, Pohl
— theory review (2022)

e Also its contribution in the uncertainty is dominant =experiment: CREMA (2013-2023)

Correction #H 1D pPHet pHe™t
Eqep point nucleus 206.0344(3) 228.7740(3)  1644.348(8) 1668.491(7)
Cri finite size —5.2259 77 —6.1074r2  —103.383r7 —106.209 2
Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 9.276(433)
Ey (exp) experiment® 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

TPE gives > 90% to the

o 4/22
shown theory uncertainties



TPE and VVCS

 TPE is naturally described in terms of (doubly virtual fwd)

Compton scattering (VVCS)

* Elastic (v = £Q%/2Myg.: , €lastic e.m. form factors)
and inelastic (~ nuclear generalised polarisabllities)

AL

Elastic Inelastic

 Forward spin-1/2 VVCS amplitude

HAv . .
hom M, 0) =~ { (=g 4 L) T, @) 4 g (0= 27 ) (pV—”—J’qV) (v, @)

I I
g T e S0 Q) g T gl g s =5 ) (. Q) }
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* ~HFS

. . d*g (Q*—2v?) Ti(v, @) — (Q* +v?) Ta(v, Q%)
Lamb Shift £ = ~8imam (0,01 [520:¢ (e

For the HFS (mostly in pH), see talks of F. Hagelstein, D. Ruth (Fri)
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VVCS and Structure Functions

Q> —2v?) Tu(v, Q%) — (@* +v?) Ta(v, Q%)
QHQF — 4m22)

Lamb Shift: E,?g/ = —8imtam [d) (O)] /(2 )4

* Unitarity and analyticity, data-driven: dispersive relations

Structure functions Fi(x, @?), Fa(x, Q)

o o 32nMv? [t x Fi(x, Q%)
oy lemM [t Fa(x, Q?)
[ESE R Q? /o dx 1 —x?(v/ve)? — i0F

* The subtraction function is not directly accessible in experiment

- less of a problem for composite nuclei, more for the proton

* Data on structure functions is deficient for anything heavier than proton
For the proton, see talks by V. Biloshytskyi (Thu), F. Hagelstein, D. Ruth (Fri)

* Nuclear Effective Field Theories (EFTs) are doing a better job here
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EFTs for TPE (and vice versa)

Q> —2v?) Tu(v, Q%) — (@* +v?) Ta(v, Q%)
QHQF — 4m22)

Lamb Shift: E,?g/ = —8imtam [d) (O)] /(2 )4

* Typical energies in (muonic) atoms are small: natural to use EFTs

 Chiral EFT (covariant, HB, ...) or (even) pionless EFT for nuclear effects
* Expansion in powers of a small parameter, order-by-order uncertainty

 TPE effect is needed to high precision to extract radii

Correction nH uD p He™ w'He'
EqEeDp point nucleus 206.0344(3) 228.7740(3)  1644.348(8) 1668.491(7)
Cré finite size —5.2259 1 —6.1074r3  —103.383r} —106.209 12
Ens nuclear structure 0.028 9(25) 1.7503(200)  15.499(378) 9.276(433)
Ey (exp) experiment® 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

— arather high order calculation of these effects is typically needed

* |If TPE can be extracted (e.g. isotope shifts and/or known radii), this
provides a benchmark for the theory

e \We will concentrate on the deuteron/IJD F. Hagelstein’s talk on Fri for other light muonic atoms
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Deuteron VVCS in Pionless EFT

 Nucleons are non-relativistic -~ E ~ p*/M = O(p?) Kaplan, Savage, Wise (1998)
Chen, Rupak, Savage (1999)

Phillips, Rupak, Savage (1999)

 Loop integrals dE d°p = O(p°)

* Nucleon propagators (E — p*/2M)~' = O(p~?)
e Typical momenta p ~7vy =+vMEy ~ 45 MeV
 Photon momenta ||~ p, v~ p’

* Expansion parameter p/m; ~vy/m;>~1/3

* NN system has a low-lying bound/virtual state — enhance S-wave
coupling constants, resum the LO NN S-wave scattering amplitude

e z-parametrization (reproducing deuteron S-wave asymptotics at NLO)

* Easy to solve (analytic results for NN)

* Explicit gauge invariance and renormalisability
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Counting for VVCS and TPE: Predictive Powers

* Longitudinal and Transverse amplitudes

fi(v, @) = —Ti(v, Q%) + (1 + @) (v, Q%), fr(v, Q%) = Ti(v, Q%)
d*q fi(v, Q%) +2(v?/ Q) fr(v, Q>
Lamb Shift: AE, = —8irtm [¢n(0)]° / o 7 (v, 32( (_ ﬁ mz)\/2)(v )

= O(p~?), fr = O(p°) inthe VVCS amplitud
xe1 = 0.64 fm>

Bum1 = 0.07 fm?3
longitudinal = O(p~?), transverse = O(p?)  in TPE

* Transverse contribution to TPE starts only at NALO
* N4LO: AE,, needs to be regularised, an unknown lepton-NN LEC
* We gouptoN3LOIn f;, and up to (relative) NLO in f [cross check]

* One unknown LEC at N3LO In £,

— Important for the charge form factor

- extracted from the H-D isotope shift and proton Rg
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Amplitude with Deuterons

* The reaction amplitude is given by the LSZ reduction

dZ(E)

Tr=M
dE

E=E,

66“

— irreducible VVCS graphs (here full LO for £, ; crossed not shown)

Y= @ T — deuteron self-energy (here at LO)

The expression for the residue is very simple up to N3LO:

dx(E)
dE

R 87t
Y L (Z-1)4+040+...]
E=E,
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Deuteron VVCS: Feynman Graphs
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 Amplitudes are calculated analytically (dimreg+PDS)  Kaplan, Savage, Wise (1998)

* Checks:
> the sum of each subgroup (+ respective crossed graphs) is gauge invariant
> regularisation scale dependence has to vanish
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Deuteron VVCS: Feynman Graphs N3LO
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Deuteron Charge Form Factor and TPE in pD

1.0

* The deuteron charge form factor obtained
from the residue of the VVCS amplitude

* The result is consistent with xEFT NC’;
a
* Correlation between RrF and Rg
- generated by the N3LO LEC

| o fEFT
30 + YET | g
"I | ® Sick& Trautmann b -
- |®™ Abbott et al. [T ?‘_r.___

Lo 12 14 16
ri [fm?]
VL, Hagelstein, Pascalutsa (2022)
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Deuteron Charge Form Factor and TPE in pD

1.0

* The deuteron charge form factor obtained

from the residue of the VVCS amplitude 0'9;'
« The result is consistent with xEFT < 0'8;'
(U] L
* Correlation between Rr and Re 0'75
0.6-
- generated by the N3LO LEC :
48 [ dQ
RE=— | <& [6GE(Q%) —1-26¢(0) Q7]
0 40?"'”"""“"'l"”-----w----w-u 3
3 Ll |
: X -1
:80 3 {Z [5 o 2Z(1 —21n 2)] ?g_ ¢ Sick& Trautmann b - -
Y — \} |®Abbott et al. [T P S

—320/9 r§y*[Z(1 —4In2) — 2+ 2In2]
+80(Z — 1)% 1%}

1 z7-1 3(Z - 1) 0F.- .

R2 = 2r2 |05 :

E 8Y2+ 8Y2 L Yz ! L R T T R
4.0 4.2 4.4 4.6

ri [fm?]
VL, Hagelstein, Pascalutsa (2022)
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Deuteron Charge Form Factor and TPE in pD

1.0r

* The deuteron charge form factor obtained
from the residue of the VVCS amplitude

» The result is consistent with XEFT o
a
* Correlation between RrF and Rg
- generated by the N3LO LEC

[dQ

RE=— o [GE(Q%) — 1 —2G¢(0) Q7]
4[}:—"""'I"'"""I""""'I"""|"' -:
0 . [e #EFT -
3 (== re— A =7/4 A\ qu_ +XET | Phgs
- "I |® Sick& Trautmann ®.-~
+ Benchmark: EFTs work better at low Q than I\ E|a Atbott of ol —-—: e
at least some empirical parametrizations : P 3
* Not only Rg but also higher derivatives need | o :
to be reproduced correctly! JPtaet |
36F -7 . ;
RZ = = Agreement with XEFT vindicates both EFTs | f - :
T T S
ri [fm?]
See talk of A. Filin in this session for XEFT of nuclear form factors VL, Hagelstein, Pascalutsa (2022)
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TPE in puD: Higher-Order Corrections
AEys = AESSY + AENE = —1.955(19)meV

* Higher-order in « terms are importantin D
— Coulomb [(9(0(6 log oc)] non-forward % §
taken from elsewhere AESLY°™ = 0.2625(15) meV
- eVP [0(066)} Kalinowski (2019) ﬁ

reproduced in pionless EFT AES{Y = —0.027 meV

See talk by I. Reis in this session for different radiative corrections, potentially important as well

* Single-nucleon terms at N4LO in pionless EFT and higher

- insert empirical FFs in the LO+NLO VVCS amplitude
— polarisability contribution (inelastic+subtraction)

* |nelastic: ed SCattel’ing data carlson, Gorchtein, Vanderhaeghen (2013)

e subtraction: nucleon subtraction function from xEFT
VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

- in total: small but sizeable: AEN29" = —0.032(6) meV
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TPE in puD: Higher-Order Corrections
AEys = AESSY + AENE = —1.955(19)meV

* Higher-order in « terms are importantin D
- Coulomb [O(a® log ot)] non-forward E §
taken from elsewhere AESLY°™ = 0.2625(15) meV
- eVP [(9(0(6)} Kalinowski (2019) Q

reproduced in pionless EFT AES{Y = —0.027 meV

See talk by I. Reis in this session for different radiative corrections, potentially important as well

* Single-nucleon terms at N4LO in pionless EFT and higher

- insert empirical FFs in the LO+NLO VVCS amplitude
— polarisability contribution (inelastic+subtraction)

* |nelastic: ed SCattel’ing data carlson, Gorchtein, Vanderhaeghen (2013)

e subtraction: nucleon subtraction function from xEFT
VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

— intotal: small but sizeable: AEN2Y = —0.032(6) meV

AEyY = AESE + AEJE + AERRY + AESS® + AESSMO™ = —1.752(20) meV

17122




Deuteron Charge Radius and TPE in pD

 uD, D, and H-D isotope shift
all consistent with one another

 Agreement with the very precise
empirical value of 2y exchange

E3Y [meV]

Theory prediction

Krauth et al. 16 [5]
Kalinowski '19 [6, Eq. (6) + (19)]

#EFT (this work)

—1.7096(200)
—1.740(21)
—1.752(20)

Empirical (pH + iso)

Pohl et al. ’16 [3]

This work

—1.7638(68)
—1.7585(56)

CODATA

'18 1

14 1

ed scattering

Sick & Trautmann '98 - I =

D spectroscopy
N3LO pionless EFT -
Kalinowski '19
CREMA '16 -

D 1S-28 & R, (CODATA)
N3LO pionless EFT -

N3LO pionless EFT -
Antognini et al. '13

Pohl et al. '17 4

2.12

L R T
2.13
rq [fm]

2.11 |
VL, Hagelstein, Pascalutsa (2022)

* Agreement with other calculations [most of those evaluate structure
functions (using xEFT/model NN interactions) and use dispersion

relations to get the TPE]

nsi uD pPHet pHe™

Correction
Eqep point nucleus
Cré finite size
Fns nuclear structure
Er(exp) experiment?®

206.0344(3)
—5.2259 rz
0.0289(25)

228.7740(3)
—6.107473
1.750 3(200)

1644.348(8)
—103.383 72
15.499(378)

1668.491(7)
—106.209 72
9.276(433)

202.3706(23)  202.8785(34) 1258.612(86)  1378.521(48)

2.14

2.15
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Proton and Deuteron Radii and Isotope Shift

* H-D isotope shift: E(H,1S —2S) — E(D, 1S — 25)

v

rs — rg — 3.820 61(31) fm2 Jentschura et al. (2011)

CODATA pro

'"18 1 ™

14

"10

Muonic atoms

Lensky et al. '22 {,:JDHSG) = M

Antognini et al. "13 (uH)
Pohl et al. '10 (uH)

i

H spectroscopy
H(25-8D) Colorado '21 i
H({15-35) Garching '20 g

H{25-2P) Toronto '19 S ——
H{15-35) Paris '18 ——
H{25-4P) Garching '17 ——
H pre '14 (CODATA) ——

ep scattering
Xiong et al. '19 (PRad)qy +———H
Horbatsch et al. '17 1 e
Higinbotham et al. '16 - L
Lee et al. '15 [
Sick '12 1  —
Bernauer et al. '10 (MAMI) S ——

Lin et al. '21 1
Alarcon et al. '18 -
Lorenz et al. '14
Belushkin et al. '07 -

0.82 0.84 0.86 088 090 092 094
rp [fm]

Antognini, Hagelstein, Pascalutsa (2022)

CODATA

deuteron
——

ed scattering
Sick & Trautmann '98 - 1 =

pD spectroscopy
N3LO pionless EFT 4 k-
Kalinowski '19 =

CREMA '16 1 g
D 15-25 & A, (CODATA)
N3LO pionless EFT kel

N3LO pionless EFT
Antognini et al. '13 1

Pohl et al. '16 4

T v - ™ T F— L

S ;
213 2.14 2.15
ry [fm]

VL, Hagelstein, Pascalutsa (2022)

211

[
ra

Muonic Deuterium and H-D isotope shift
are consistent with the small proton radius
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HFS in pD: It's More Tricky

Nuclear contribution to TPE in HFS is about 20 times smaller

2’Y . . . . .
AE25,HFS — 00966(73) meV Pohl et al. (2016), Pachucki, Kalinowski, Yerokhin (2018)

Existing recent theoretical evaluations disagree

A Ezzgx,lzh%or = 0.0383(86) meV Pachucki, Kalinowski, Yerokhin (2018)
AE22;/’,IEIT:GSOI’ — O 1180(90) mev JI, Zhang, Platter (2023)

e The smallness of the nuclear HFS contribution is the result of
cancellations between different contributions

* Cancellations at the VVCS amplitude level make its spin-dependent part
suppressed

e Cancellations between nuclear and single-nucleon terms
* No XEFT-based calculation exists (?)

* An alternative high-order EFT calculation (possibly accounting for
relativistic corrections) is needed
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Summary and Outlook

uD and H-D isotope shift in pionless EFT consistent with each other

— small proton radius
Agreement with the very precise empirical value of 2y exchange

— experimental precision: both a challenge and a benchmark for theory
Correlation between charge and Friar radius

— another benchmark to check form factor parametrizations
Single-nucleon effects are starting to be sizeable

— more importaint in heavier nuclei

Higher-order radiative corrections are also becoming important

HFS in uD: more difficult (cancellations!), different results disagree at the
moment, alternative calculations desirable

A better accuracy can hopefully be achieved in high-order (N4LO+)
XEFT calculations (also relies on progress in single-nucleon)

A lot of room for improvement in heavier nuclei
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I Thank You for Your Attention!
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