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Questions

• How to construct  and keep the connection to QCD?


• How to obtain precise predictions for nuclear observables with 
quantified theoretical error?

H
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• Weinberg, 90’s:


• Use protons, neutrons and pions as 
degrees of freedom.


• Formulate the most general 
dynamics  consistent with low-
energy symmetries of QCD.


• Perturbative expansion in                .

The nuclear force from EFT
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(Q/⇤b)

S. Weinberg, (1979), (1990), (1991)

<latexit sha1_base64="ZIfNsHjKir7LMwh1Vn0MhRLfNBc=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmgckS5id9CZDZmaXmVkhLPsJngT9Fm/i1S/wU7w5SfZgEgsaiqpuuruCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFoUkjHqlOQDRwJqFpmOHQiRUQEXBoB+Pbqd9+AqVZJB/NJAZfkKFkIaPEWOmhF7N+ueJW3RnwKvFyUkE5Gv3yT28Q0USANJQTrbueGxs/JcowyiEr9RINMaFjMoSupZII0H46OzXDZ1YZ4DBStqTBM/XvREqE1hMR2E5BzEgve1PxP6+bmPDaT5mMEwOSzheFCccmwtO/8YApoIZPLCFUMXsrpiOiCDU2nYUtgSJjMNmiJjJsYbPylpNZJa2LqndZrd3XKvWbPLUiOkGn6Bx56ArV0R1qoCaiaIie0St6c16cd+fD+Zy3Fpx85hgtwPn6BRb6nWw=</latexit>⇡

+ + . . .<latexit sha1_base64="aRuZAWz3RroTTeZhHXiTlE3w4UI=">AAAB/HicbVDLSsNAFL2pr1pfVZduBovgqiQi6kYounFZxT6gDWUyuWmHzkxCZiKUUL/ArX6BO3Hrv/gB/odpm4VtPTBwOOfeO/ceLxJcG9v+tgorq2vrG8XN0tb2zu5eef+gqcMkZthgoQjjtkc1Cq6wYbgR2I5ipNIT2PKGtxO/9YSx5qF6NKMIXUn7igecUZNJD83rXrliV+0pyDJxclKBHPVe+afrhyyRqAwTVOuOY0fGTWlsOBM4LnUTjRFlQ9rHTkYVlajddLrpmJxkik+CMM6eMmSq/u1IqdR6JL2sUlIz0IveRPzP6yQmuHJTrqLEoGKzj4JEEBOSydnE5zEyI0ZkbqIn5/ZNdXbQAP0xKZWyXJzFFJZJ86zqXFTP788rtZs8oSIcwTGcggOXUIM7qEMDGATwAq/wZj1b79aH9TkrLVh5zyHMwfr6BT3LlHs=</latexit>

V =

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N
<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="c5HoBg6bKQOskfFc/jGKlPQpksI=">AAAB+3icbVDLSsNAFL2prxpfVZduBovgqiRS1GXRjStpwT6gDWUyuWmHziQhMxFKyBe41S9wJ279GD/A/zBts7CtBwYO59x7597jRoIrbVnfRmljc2t7p7xr7u0fHB5Vjk86Kkxihm0WijDuuVSh4AG2NdcCe1GMVLoCu+7kfuZ3nzFWPAye9DRCR9JRwH3OqM6l1uOwUrVq1hxkndgFqUKB5rDyM/BClkgMNBNUqb5tRdpJaaw5E5iZg0RhRNmEjrCf04BKVE46XzQjF7niET+M8xdoMlf/dqRUKjWVbl4pqR6rVW8m/uf1E+3fOikPokRjwBYf+YkgOiSzq4nHY2RaTMnSRFcu7Zuq/KAxehkxzTwXezWFddK5qtnXtXqrXm3cFQmV4QzO4RJsuIEGPEAT2sAA4QVe4c3IjHfjw/hclJaMoucUlmB8/QKqvJQs</latexit>

N

<latexit sha1_base64="hsXmY69pnwuhF1zGdFmF4ZlOSTQ=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcuK9gFtKJPJTTt0ZhIyE6GE4he41S9wJ279Fj/A/zBts7CtBwYO59x7597jRYJrY9vfVmFtfWNzq7hd2tnd2z8oHx61dJjEDJssFGHc8ahGwRU2DTcCO1GMVHoC297oduq3nzDWPFSPZhyhK+lA8YAzajLpoRfxfrliV+0ZyCpxclKBHI1++afnhyyRqAwTVOuuY0fGTWlsOBM4KfUSjRFlIzrAbkYVlajddLbqhJxlik+CMM6eMmSm/u1IqdR6LL2sUlIz1MveVPzP6yYmuHZTrqLEoGLzj4JEEBOS6d3E5zEyI8ZkYaInF/ZNdXbQEP0JKZWyXJzlFFZJ66LqXFZr97VK/SZPqAgncArn4MAV1OEOGtAEBgN4gVd4s56td+vD+pyXFqy85xgWYH39AmUzlSc=</latexit>⇡

<latexit sha1_base64="fvFItRRKmuZ1mc091i82neVSkik="></latexit>

y(⌫)th =
⌫X

n=0

yn

✓
Q

⇤b

◆n

+O

✓
Q

⇤b

◆⌫+1

✓EFT description rooted in QCD.


✓Systematic expansion with quantifiable 
theoretical error:

n
p



• Weinberg, 90’s:


• Use protons, neutrons and pions as 
degrees of freedom.


• Formulate the most general 
dynamics  consistent with low-
energy symmetries of QCD.


• Perturbative expansion in                .

The nuclear force from EFT
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• Construct nucleon-nucleon potentials:

• Compute predictions.

Weinberg PC

5
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- Use dimensional analysis to organize diagrams.

- Resum potential nonperturbatively in LS-equation.

R. Machleidt and D. R. Entem, Phys. Rep. 503 (2011)  
E. Epelbaum, H.-W. Hammer, and U.-G. Meissner, Rev. Mod. Phys. 81, (2009)  

H.-W Hammer, S. König, and U. van Kolck, Rev. Mod. Phys. 92, (2020)  

• Calibrate unknown LECs using data.



-  with WPC: Successful descriptions of two- 
and three-nucleon forces and interaction currents.
χEFT
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-  with WPC: Successful descriptions of two- 
and three-nucleon forces and interaction currents.
χEFT

- Predictions of observables depend on  (= not RG 
invariant)

Λ

• Construct nucleon-nucleon potentials:

• Compute predictions.

Weinberg PC

5

A. Nogga et al., Phys. Rev. C 72, (2005)
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• What happens if we impose -independence and promote 
counterterms to lower orders to achieve this?
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Modified Weinberg PC

• What happens if we impose -independence and promote 
counterterms to lower orders to achieve this?
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Calibrating the LO potential

• Use  scattering observables to calibrate LO LECs.


• Bayesian inference: Treat LECs as random variables.

NN
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Bayes’ rule:
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Predicted scattering observables

8

-Accurate, but not very precise (high energy, LO).

-Not very accurate, but within LO uncertainty.

-Quite accurate, but the experimental error is large.

ExperimentLO prediction

OT, E. May, A. Ekström, and C. Forssén, Phys. Rev. C 108, (2023)
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Predicted scattering observables

8

-Accurate, but not very precise (high energy, LO).

-Not very accurate, but within LO uncertainty.

•Predictions are RG-invariant.

•Uncertainties are crucial for conclusions!

•The error model used is insufficient, 

higher orders are needed.

-Quite accurate, but the experimental error is large.

ExperimentLO prediction

OT, E. May, A. Ekström, and C. Forssén, Phys. Rev. C 108, (2023)



Adding perturbative corrections
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LO Perturbative corrections

• More LECs:


• A first step: Calibrate LECs using phase shifts and 
compute predictions for scattering observables.
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T (1) = + + +NLO:



Calibrate LECs using  phase shiftsnp
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• Phase shifts are computed perturbatively.


• LECs are inferred by reproducing phase 
shifts at specific energies (  ).


• Two cutoffs:


• Note:  except in .NLO = LO 1S0

<latexit sha1_base64="/Q40uZLBFgmI7E19j5/ij7sTNQU="></latexit>

⇤ = 500 MeV, ⇤ = 2500 MeV

OT, A. Ekström, and C. Forssén, Phys. Rev. C 109, (2024)



Predicted scattering observables
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• Clear improvement order-by-order.


• Accurate cross sections up to at least 
. Tlab = 100 MeV

OT, A. Ekström, and C. Forssén, Phys. Rev. C 109, (2024)



Low-energy theorems (LETs)

• Is pion dynamics being treated properly?


• LET: Predicted higher-order coefficients in the effective-range expansion.

T.D. Cohen, J.M. Hansen, Phys. Rev. C 59, (1999)

Fit Predict

• Predictions are clear indicators of correctly captured pion dynamics.
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Low-energy theorems: 1S0
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Predicted effective range parameters (LETs)Phase shifts in 1S0

• CIB in one-pion exchange is significant in .


✓Both phase shift and LETs are accurate.

1S0

OT,  Few-Body Syst. 65, 69 (2024)



Low-energy theorems: 3S1
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Predicted effective range parameters (LETs)Phase shifts in — 3S1
3D1

• CIB in one-pion exchange is not significant in .


• Cutoff independence for  MeV.


✓Both phase shift and LETs are accurate, and improved for 
high cutoffs.

3S1

Λ ≳ 750

OT,  Few-Body Syst. 65, 69 (2024)



• Modified PC:


- Extra counterterms to absorb  - dependence.


- Potential corrections added perturbatively beyond LO.


• We have found:


- A Bayesian approach is advantageous to infer LECs at LO.


- Accurate description of  scattering up to  at 
.


- Satisfactory low-energy behavior of amplitudes.

Λ

np 100 MeV
N3LO

Summary

15

T (1) = + + +
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• Modified PC:


- Extra counterterms to absorb  - dependence.


- Potential corrections added perturbatively beyond LO.


• We have found:


- A Bayesian approach is advantageous to infer LECs at LO.


- Accurate description of  scattering up to  at 
.


- Satisfactory low-energy behavior of amplitudes.
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np 100 MeV
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Summary
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T (1) = + + +
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Thank you!
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Perturbation theory for amplitudes
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MWPC by Long and Yang
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