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Questions

• How to construct  and keep the connection to QCD? 

• How to obtain precise predictions for nuclear observables with 
quantified theoretical error?

H
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• Weinberg, 90’s: 

• Use protons, neutrons and pions as 
degrees of freedom. 

• Formulate the most general 
dynamics  consistent with low-
energy symmetries of QCD. 

• Perturbative expansion in                .

The nuclear force from EFT
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(Q/⇤b)

S. Weinberg, (1979), (1990), (1991)
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• Weinberg, 90’s: 

• Use protons, neutrons and pions as 
degrees of freedom. 

• Formulate the most general 
dynamics  consistent with low-
energy symmetries of QCD. 

• Perturbative expansion in                .

The nuclear force from EFT

4
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• Construct nucleon-nucleon potentials:

• Compute predictions.

Weinberg PC

5
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- Use dimensional analysis to organize diagrams. 
- Resum potential nonperturbatively in LS-equation.

R. Machleidt and D. R. Entem, Phys. Rep. 503 (2011)  
E. Epelbaum, H.-W. Hammer, and U.-G. Meissner, Rev. Mod. Phys. 81, (2009)  

H.-W Hammer, S. König, and U. van Kolck, Rev. Mod. Phys. 92, (2020)  

• Calibrate unknown LECs using data.



-  with WPC: Successful descriptions of two- 
and three-nucleon forces and interaction currents.
χEFT
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• Compute predictions.
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-  with WPC: Successful descriptions of two- 
and three-nucleon forces and interaction currents.
χEFT

- Predictions of observables depend on  (= not RG 
invariant)

Λ

• Construct nucleon-nucleon potentials:

• Compute predictions.

Weinberg PC

5

A. Nogga et al., Phys. Rev. C 72, (2005)
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Modified Weinberg PC

• What happens if we impose -independence and promote 
counterterms to lower orders to achieve this?
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Modified Weinberg PC

• What happens if we impose -independence and promote 
counterterms to lower orders to achieve this?
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Calibrating the LO potential

• Use  scattering observables to calibrate LO LECs. 

• Bayesian inference: Treat LECs as random variables.

NN
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Bayes’ rule:
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Predicted scattering observables

8

-Accurate, but not very precise (high energy, LO).

-Not very accurate, but within LO uncertainty.

-Quite accurate, but the experimental error is large.

ExperimentLO prediction

OT, E. May, A. Ekström, and C. Forssén, Phys. Rev. C 108, (2023)
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Predicted scattering observables

8

-Accurate, but not very precise (high energy, LO).

-Not very accurate, but within LO uncertainty.

•Predictions are RG-invariant. 
•Uncertainties are crucial for conclusions! 
•The error model used is insufficient, 

higher orders are needed.

-Quite accurate, but the experimental error is large.

ExperimentLO prediction

OT, E. May, A. Ekström, and C. Forssén, Phys. Rev. C 108, (2023)



Adding perturbative corrections
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LO Perturbative corrections

• More LECs: 

• A first step: Calibrate LECs using phase shifts and 
compute predictions for scattering observables.
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↵(0),↵(1),↵(2),↵(3).

T (1) = + + +NLO:



Calibrate LECs using  phase shiftsnp
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• Phase shifts are computed perturbatively. 

• LECs are inferred by reproducing phase 
shifts at specific energies (  ). 

• Two cutoffs: 

• Note:  except in .NLO = LO 1S0

<latexit sha1_base64="/Q40uZLBFgmI7E19j5/ij7sTNQU="></latexit>

⇤ = 500 MeV, ⇤ = 2500 MeV

OT, A. Ekström, and C. Forssén, Phys. Rev. C 109, (2024)



Predicted scattering observables
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• Clear improvement order-by-order. 

• Accurate cross sections up to at least 
. Tlab = 100 MeV

OT, A. Ekström, and C. Forssén, Phys. Rev. C 109, (2024)



Low-energy theorems (LETs)

• Is pion dynamics being treated properly? 

• LET: Predicted higher-order coefficients in the effective-range expansion.

T.D. Cohen, J.M. Hansen, Phys. Rev. C 59, (1999)

Fit Predict

• Predictions are clear indicators of correctly captured pion dynamics.
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Low-energy theorems: 1S0
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Predicted effective range parameters (LETs)Phase shifts in 1S0

• CIB in one-pion exchange is significant in . 

✓Both phase shift and LETs are accurate.

1S0

OT,  Few-Body Syst. 65, 69 (2024)



Low-energy theorems: 3S1
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Predicted effective range parameters (LETs)Phase shifts in — 3S1
3D1

• CIB in one-pion exchange is not significant in . 

• Cutoff independence for  MeV. 

✓Both phase shift and LETs are accurate, and improved for 
high cutoffs.

3S1

Λ ≳ 750

OT,  Few-Body Syst. 65, 69 (2024)



• Modified PC: 

- Extra counterterms to absorb  - dependence. 

- Potential corrections added perturbatively beyond LO. 

• We have found: 

- A Bayesian approach is advantageous to infer LECs at LO. 

- Accurate description of  scattering up to  at 
. 

- Satisfactory low-energy behavior of amplitudes.

Λ

np 100 MeV
N3LO

Summary

15

T (1) = + + +
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• Modified PC: 

- Extra counterterms to absorb  - dependence. 

- Potential corrections added perturbatively beyond LO. 

• We have found: 

- A Bayesian approach is advantageous to infer LECs at LO. 
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Thank you!
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Perturbation theory for amplitudes
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MWPC by Long and Yang
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