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Motivation
In the experimental low energy precision frontier of the SM

• Muonic atom spectroscopy [1]

• µ capture [2]

• β decay [3]

QED radiative corrections have sizeable contributions.

Hot topic in, e.g., neutron beta decay [4], harder in few body
systems.

However, nuclear wavefunctions and currents include them
only implicitly by fitting the parameters of the nuclear
Hamiltonian and currents to data.
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Motivation

Very hard to distill contributions of QED and QCD to an
observable.
A systematic, separate treatment of QED and QCD effects
useful to quantify limits/effects of BSM physics.

This requires:
• Photons as explicit degrees of freedom in the theory

• QCD-related parameters of the nuclear Hamiltonian
and currents directly from lattice QCD
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EFT/π

Low energy nuclear EFT, expansion in p/mπ
∼= 1/3 [5, 6, 7, 8]

• Non-relativistic nucleons −→ E ∼= p2/M

• Loop integrals dE d3p = O(p5)

• Nucleon propagators (E − p2/2M)−1 = O(p−2)

• Low-lying bound/virtual state in NN system
−→ resum LO NN S-wave scattering amplitude
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NRQED

Relevant (energy, momentum) scales:
hard (mπ, mπ), soft (Mv , Mv ), ultrasoft (Mv2, Mv2) and
potential (Mv2, Mv ) [9, 10]

• Photon is split into soft and ultrasoft modes to avoid
power counting issues

• Potential photons are far off-shell and integrated out

• Four-momentum of nucleon P = (0,p) + (k0,k), where
p ∼ Mv (soft) and k ∼ Mv2 (ultrasoft)

• On-shell condition k0 = p2/2M

• Propagator S(k0,p) = i
k0− p2

2M +iϵ
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NRQED

Powers of velocity v are counted, fairly straightforward [11]:
• NN potentials standard power counting with p ∼ Mv

• Nucleon and soft photon propagators ∼ 1/v2

• Ultrasoft photon propagators ∼ 1/v4

• Soft loop integration measure ∼ v4

• Potential loop integration measure ∼ v5

• Ultrasoft loop integration measure ∼ v8
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Lagrangian

L =
∑

p
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p
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iD0 −

(p − iD)2
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)
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+
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Lagrangian

Strong potentials in each channel given by a low-energy
coefficient (LEC), derivatives (powers of momentum) and a
projection operator [5, 6, 7, 8]

V (−1)
abcd = C0,pnPab,cd ,

V (0)
abcd =

1
2

(
p′2 + p2

)
C2,pnPab,cd ,

V (1)
abcd =

1
4

(
p′2 + p2

)2
C4,pnPab,cd .

Explicit photon diagrams start to appear at N3LO in the
strong expansion. Up to N2LO in nuclear observables, all
radiative corrections are baked into the running couplings.
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Renormalization

To implement the vRG, we determine the O(α/v)
counterterms and obtain the soft and ultrasoft anomalous
dimensions [12]

µU
dV
dµU

= γU ,

µS
dV
dµS

= γS .

We introduce the subtraction velocity ν as µS = Mν and
µU = Mν2 so that the vRG equation is

ν
dV
dν

= γS + 2γU .
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Renormalization

In the np sector, dominant O(α/v) contribution comes from
an A0 photon coupled to the proton on the
incoming/outgoing line with resummed S wave scattering
amplitude [13].

= + + + · · ·

ν
dC2j

dν
=

α

π

3 + 6j
j + 1

C0

(
iMC0

4π

)2j
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Renormalization

Boundary values for the LECs at the hard scale (ν = mπ/M)
given by:

• Scattering length and effective range of the Argonne
v18 potential without the electromagnetic interaction

• Nijmegen value of the shape parameter P

anp = 5.402 fm, C0

(mπ

M

)
=

4πanp

M
,

rnp = 1.752 fm, C2

(mπ

M

)
=

4π
M

a2
nprnp

2
,

Pnp = 0.040 fm−3, C4

(mπ

M

)
=

4π
M

a3
np

(
1
4

r2
np +

Pnp

anp

)
.
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Renormalization
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Deuteron binding energy
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Deuteron form factors
Charge form factor at N2LO [14, 15] (preliminary!)
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Deuteron form factors
A(q2) at N2LO [14, 16] (preliminary!)

A(q2) = F 2
C(q

2) +
2
3
ηF 2

M(q2) +
8
9
η2F 2

Q(q
2)
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Conclusions and Outlook

• Using EFT techniques helps to organize the role of
different strong and electromagnetic effects in a
systematic expansion

• The vRG generates a percent level shift in the binding
energy of the deuteron and improves the description of
form factors

• np −→ dγ almost done

• Predictions will be more robust with reliable NN lattice
QCD results at the physical pion mass

• Extension to s wave bound state Halo EFT trivial

• Extension to chiral EFT much more involved
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Renormalization

Integrating the vRG equation, we find

C0(ν) = C0

(mπ

M

)( α(Mν2)

α(m2
π/M)

)3/4

C2(ν) = C2
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(mπ
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)[( α(Mν2)

α(m2
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Deuteron binding energy

The two point function can be written in two different ways:

G(Ē) =
Σ(Ē)

1 + iC0Σ(Ē)
, G(Ē) =

i Z̃
Ē + B̃

.

Using

Σ(Ē) = Σ1(Ē) + Σ2(Ē) + Σ3(Ē) + · · ·

Z = Z + δZ ,B = B + δB

we can expand both terms and identify δB as the coefficient
oft −iZ/(Ē + B)2
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Deuteron binding energy

G(Ē) =
i (Z + δZ )
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Deuteron charge form factor
Charge form factor at N2LO

The deuteron charge form factor has been extensively
studied in EFT/π. We present a vRG analysis at
next-to-next-to-leading order (N2LO).

FC(q2) =
4γ
q

tan−1
(

q
4γ

)
− Mγ3

2π
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[
1 − 4γ

q
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(
q
4γ

)]
−
(

Mγ3

2π
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)2 [
1 − 4γ

q
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(
q
4γ

)]
− Mγ5

π
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[
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