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Overview

String-inspired techniques can help to understand the structure
of pion amplitudes in the Non-Linear Sigma Model (NLSM).

Historical remarks: the Veneziano amplitude and dual resonant models

Z-theory amplitudes:
non-abelian (tr¢3), abelian (NLSM), semi-abelian (NLSM+trg?)

Pion amplitudes and soft limits

Soft Factor Expansion for Pion Amplitudes
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Veneziano amplitude and dual resonant models

1968: Veneziano proposed an amplitude to capture certain aspects of strong meson dynamics,
Veneziano, Nuovo Cimento A 57, 190-197 (1968)

Al tu)= g (_b (i-olfe), - () + ii‘s(:-xm_,x~=<£ua>)+B(l-““’ﬂ*“‘“}}

with Euler Beta function B(z,y) = % and trajectory function a(z) = 1+ o/x.
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1968: Veneziano proposed an amplitude to capture certain aspects of strong meson dynamics,
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with Euler Beta function B(z,y) = % and trajectory function a(z) = 1+ o/x.

Interesting analytic properties:
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Veneziano amplitude and dual resonant models

1968: Veneziano proposed an amplitude to capture certain aspects of strong meson dynamics,
Veneziano, Nuovo Cimento A 57, 190-197 (1968)

Al tu)= g (_b (i=oe), - X80 + ifs('-»\'m_,x~«'tua>)+E(l-““h'-ﬁ“ﬂ)}

with Euler Beta function B(z,y) = % and trajectory function a(z) = 1+ o/x.
Interesting analytic properties:
@ Analytic in s,t,u

@ Crossing symmetric in s,t,u
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Veneziano amplitude and dual resonant models

1968: Veneziano proposed an amplitude to capture certain aspects of strong meson dynamics,
Veneziano, Nuovo Cimento A 57, 190-197 (1968)

Al tu)= i; U’* (o), -] 4 if;'\,('-w_,1~r-<r.w))+"-3>(l—q’w,'-~°<'M>)]

with Euler Beta function B(z,y) = % and trajectory function a(z) = 1+ o/x.
Interesting analytic properties:

@ Analytic in s,t,u
@ Crossing symmetric in s,t,u

@ Infinite number of resonances (simple poles) on linearly rising (Regge) trajectories,

A(s t,u) 2 T(—d's) = _aLF(l —ads) = —;FQ —d's)
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Veneziano amplitude and dual resonant models
1968: Veneziano proposed an amplitude to capture certain aspects of strong meson dynamics,
Veneziano, Nuovo Cimento A 57, 190-197 (1968)
A@:"{,iu} - _t Uij, (=) 1= u;(s)) + B{= ), 1- %) ¢ R{1- (), !-~o<‘(m)):]}
-

with Euler Beta function B(z,y) = % and trajectory function a(z) = 1+ o/x.
Interesting analytic properties:

@ Analytic in s,t,u
@ Crossing symmetric in s,t,u
@ Infinite number of resonances (simple poles) on linearly rising (Regge) trajectories,
A(s, t,u) ~T(—a's) = —LF(l —d's) = —;FQ —a's) =
T o’s a's(1—a's)

— Poles at @’s = n with n = 0,1,... with spin-n resonances.
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The birth of string theory

Immediately search began for physical model producing A(s,t,u) as prediction.
— Dual Resonant Models
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The birth of string theory

Immediately search began for physical model producing A(s,t,u) as prediction.
— Dual Resonant Models

o Consider first term of Veneziano amplitude

[(—a/s)I'(—a't L s o
Ay = A(s, t) ~ I(‘(—a’)s—(oz’t)) :/Odu TS (1) T
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The birth of string theory

Immediately search began for physical model producing A(s,t,u) as prediction.
— Dual Resonant Models

o Consider first term of Veneziano amplitude

[(—a/s)I'(—a't L s o
Ay = A(s, t) ~ I(‘(—o/)s—(oz’t)) :/Odu TS (1) T

@ Higher-point generalizations were quickly found
Chan, Phys. Lett. B 28/6, 425-428 (1969)

1 1
As :/du/dv u_l_a/s”(l—u)_l_o‘/s%v_l_o‘/s“(1—1})_1_0‘/834(l—uv)o‘/s“,
0 0

1 1 1
Aﬁz/du/dv/dw..., sij = (pi +pj)°
0 0 0
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The birth of string theory

Immediately search began for physical model producing A(s,t,u) as prediction.
— Dual Resonant Models

o Consider first term of Veneziano amplitude

[(—a/s)I'(—a't L s o
Ay = A(s, t) ~ I(‘(—o/)s—(oz’t)) :/Odu TS (1) T

@ Higher-point generalizations were quickly found
Chan, Phys. Lett. B 28/6, 425-428 (1969)

1 1
As :/du/dv u_l_"‘/s”(l—u)_l_o‘/s%v_l_a/s“(1—1})_1_0‘/834(l—uv)o‘/s“,
0 0

1 1 1
Aﬁz/du/dv/dw..., sij = (pi +pj)°
0 0 0

@ At n points have to do n—3 integrals — very hard!
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The birth of string theory

Immediately search began for physical model producing A(s,t,u) as prediction.
— Dual Resonant Models

@ Consider first term of Veneziano amplitude

[(—a/s)I'(—a't L s o
Ay = A(s, t) ~ I(‘(—o/)s—(oz’t)) :/Odu TS (1) T

@ Higher-point generalizations were quickly found
Chan, Phys. Lett. B 28/6, 425-428 (1969)

1 1
As :/du/dv u_l_a/s”(l—u)_l_o‘/s%v_l_a/s“(1—1})_1_0‘/834(1—uv)°‘/824,
0 0

1 1,1
Aﬁz/du/dv/dw..., Sij:(Pi+Pj)2
0 0 0

@ At n points have to do n—3 integrals — very hard!
Analyticity v~ Crossing v~ Lin. Regge trajectories v/
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The birth of string theory
Dual Resonant Models — String Theory
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The birth of string theory
Dual Resonant Models — String Theory
@ 1969: Elegant all multiplicity formula found by Koba & Nielsen,

Koba & Nielsen, Nuclear Physics B 12/3, 517-536 (1969)

dz1...dzp, H?<j ’Zij ’a’sij

Ay = ,
" D VO|(SL(2, R)) 212293 .. . Zn—1ncnl

where z;; = z;—2;, z; € R. Integration domain D = {—00 < 21 < 25 < -+ < 2, < 00}.
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The birth of string theory
Dual Resonant Models — String Theory
@ 1969: Elegant all multiplicity formula found by Koba & Nielsen,

Koba & Nielsen, Nuclear Physics B 12/3, 517-536 (1969)

dz1...dzp, H?’<j’2ij’a’sij

Ay = ,
" D VO|(SL(2, R)) 212293 .. . Zn—1ncnl

where z;; = z;—2;, z; € R. Integration domain D = {—00 < 21 < 25 < -+ < 2, < 00}.
@ Formulation in terms of variables z; is
» manifestly symmetric under cyclic permutation p; — p;+1 (mod n)
— A, is an ordered amplitude
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The birth of string theory
Dual Resonant Models — String Theory
@ 1969: Elegant all multiplicity formula found by Koba & Nielsen,

Koba & Nielsen, Nuclear Physics B 12/3, 517-536 (1969)

dz1...dzp, H?’<j’2ij’a’sij

Ay = ,
" D VO|(SL(2, R)) 212293 .. . Zn—1ncnl

where z;; = z;—2;, z; € R. Integration domain D = {—00 < 21 < 25 < -+ < 2, < 00}.
@ Formulation in terms of variables z; is
» manifestly symmetric under cyclic permutation p; — p;+1 (mod n)
— A, is an ordered amplitude
» invariant under SL(2,R) (M&bius) transformations

az; +b

_ d—bec=1.
czi+d’ “ ¢

Zi
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The birth of string theory
Dual Resonant Models — String Theory
@ 1969: Elegant all multiplicity formula found by Koba & Nielsen,

Koba & Nielsen, Nuclear Physics B 12/3, 517-536 (1969)

dz1...dzp, H?<j’2ij’a/sij

Ay = ,
" D VO|(SL(2, R)) 212293 .. . Zn—1ncnl

where z;; = z;—2;, z; € R. Integration domain D = {—00 < 21 < 25 < -+ < 2, < 00}.
@ Formulation in terms of variables z; is
» manifestly symmetric under cyclic permutation p; — p;+1 (mod n)
— A, is an ordered amplitude
» invariant under SL(2,R) (M&bius) transformations
az; +b
czi+d’

— allows to “gauge-fix" three variables z; to reduce number of integrations to n—3.

ad — bec = 1.

Zi
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The birth of string theory
Dual Resonant Models — String Theory
@ 1969: Elegant all multiplicity formula found by Koba & Nielsen,

Koba & Nielsen, Nuclear Physics B 12/3, 517-536 (1969)

dz1...dzp, H?<j’2ij’a/sij

Ay = ,
" D VO|(SL(2, R)) 212293 .. . Zn—1ncnl

where z;; = z;—2;, z; € R. Integration domain D = {—00 < 21 < 25 < -+ < 2, < 00}.
@ Formulation in terms of variables z; is
» manifestly symmetric under cyclic permutation p; — p;+1 (mod n)
— A, is an ordered amplitude
» invariant under SL(2,R) (M&bius) transformations

az; +b
czi+d’
— allows to “gauge-fix" three variables z; to reduce number of integrations to n—3.

@ 1970: Amplitudes derived from scattering of “four-dimensional rubber bands” or strings!
Susskind, Nuovo Cimento A 69, 457—496 (1970)
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A rough physical picture

Q: Where are the strings in all of this?
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A rough physical picture

Q: Where are the strings in all of this?
Let's consider scattering of four open strings:

P3 P4

p3 Pa

conf.

p2 Ik s b

@ String worldsheet conformally equivalent to punctured disk.
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A rough physical picture

Q: Where are the strings in all of this?
Let's consider scattering of four open strings:

D3 P4
p3 Pa

conf.

p2 ;H\ s b

@ String worldsheet conformally equivalent to punctured disk.

@ Interpret z; as position of punctures on disk boundary.
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A rough physical picture

Q: Where are the strings in all of this?
Let's consider scattering of four open strings:

D3 P4
p3 Pa

conf.

p2 ;H\ s b

@ String worldsheet conformally equivalent to punctured disk.
@ Interpret z; as position of punctures on disk boundary.

@ Koba-Nielsen formula: integrate over positions of punctures (= Moduli space integral)
preserving their relative order.
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A rough physical picture

Q: Where are the strings in all of this?
Let's consider scattering of four open strings:

D3 P4
p3 Pa

conf.

p2 ;H\ s b

@ String worldsheet conformally equivalent to punctured disk.
@ Interpret z; as position of punctures on disk boundary.

@ Koba-Nielsen formula: integrate over positions of punctures (= Moduli space integral)
preserving their relative order.
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Low-energy limit

@ Parameter o’ corresponds to inverse string tension.
Limit o/ — 0 yields point particle (field theory) amplitudes.
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Low-energy limit

@ Parameter o’ corresponds to inverse string tension.
Limit o/ — 0 yields point particle (field theory) amplitudes. E.g.

t 6
1 1 1 1 1
o2 A5 = ( + + + + ) +0(?),...

512545 523551 534512 545523 551534

N2
o/ Ay = o/B(d's,a't) = (é * 1) - 7r)—(s + 1)+ 0(a?),
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Low-energy limit

@ Parameter o’ corresponds to inverse string tension.
Limit o/ — 0 yields point particle (field theory) amplitudes. E.g.

/.\2
o/ Ay = o'B(d's, at) = (% * %) - (ag—) (s+1) +O(a”),

1 1 1 1 1
o2 A5 = ( + + + + ) +0(?),...
512545 523551 534512 545523 551534

e Leading order gives flavored/colored amplitudes of a scalar theory with cubic interactions,

Ligs = tr(09” + ¢°), ¢ = ¢"t%, t* € su(N).

Stringy Methods for Pion Amplitudes | Christoph Bartsch | Chiral Dynamics 2024, Bochum



Low-energy limit

@ Parameter o’ corresponds to inverse string tension.
Limit o/ — 0 yields point particle (field theory) amplitudes. E.g.

/.\2
o/ Ay = o'B(d's, at) = (% * %) - (ag—) (s+1) +O(a”),

1 1 1 1 1
o2 A5 = ( + + + + ) +0(?),...
512545 523551 534512 545523 551534

e Leading order gives flavored/colored amplitudes of a scalar theory with cubic interactions,
Ligs = tr(09* + ¢°), ¢ = ™, t* € su(N).
e Denoting tr¢3 amplitudes by m,, we simply have

lim o™ 3 A, =m,,.
a’—0
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Low-energy limit

@ Parameter o’ corresponds to inverse string tension.
Limit o/ — 0 yields point particle (field theory) amplitudes. E.g.

/.\2
a%4=dBWEd0:(§+%)_mglw+w+0w%,

1 1 1 1 1
a%%=< + + + + )+O@%P”
512545 523551 534512 545523 551534

e Leading order gives flavored/colored amplitudes of a scalar theory with cubic interactions,
Lirgs = tr(06? + ¢°), ¢ = ¢**, t* € su(N).
e Denoting tr¢3 amplitudes by m,, we simply have
O},ir_r)lo "B A, = my,.

— Dual resonant amplitudes A,, are stringy completions of tr¢? amplitudes m,,.
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Overview

Historical remarks: the Veneziano amplitude and dual resonant models

Z-theory amplitudes:
non-abelian (tr¢?), abelian (NLSM), semi-abelian (NLSM+tr¢?)

Pion amplitudes and soft limits

Soft Factor Expansion for Pion Amplitudes
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory
amplitudes by introducing two orderings o, p € S,

Broedel et.al. [1304.7267]

_ dzy ...dz, [T -|Zij|o‘/8“
Zn(olp) = o™ 3/ J i
n(ole) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory
amplitudes by introducing two orderings o, p € S,

Broedel et.al. [1304.7267]

_ dzy ...dz, [T -|Zij|o‘/8“
Zn(olp) = o™ 3/ J i
n(ole) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)

@ The domain ordering o determines D(0) = {—00 < zy(1) < Zg(2) <+ < Zg(n) < 00}
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory
amplitudes by introducing two orderings o, p € S,

Broedel et.al. [1304.7267]

_ dzy ...dz, [T |zij|% 5
Zn(olp) = o™ 3/ J .
n(ole) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)

@ The domain ordering o determines D(0) = {—00 < zy(1) < Zg(2) <+ < Zg(n) < 00}

@ The integrand ordering p determines the cyclic product of z;; in the denominator.
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory
amplitudes by introducing two orderings o, p € S,

Broedel et.al. [1304.7267]

_ dzi...dz, [J BN
Zn(olp) = o™ 3/ J .
n(ole) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)
@ The domain ordering o determines D(0) = {—00 < zy(1) < Zg(2) <+ < Zg(n) < 00}

@ The integrand ordering p determines the cyclic product of z;; in the denominator.
e For o = p =1 we recover Z,(1|1) = a3 A,.
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory

amplitudes by introducing two orderings o, p € S,
Broedel et.al. [1304.7267]

_ dzy ...dz, [T |zij|% 5
Zn(olp) = o™ 3/ J .
(“le) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)

@ The domain ordering o determines D(0) = {—00 < zy(1) < Zg(2) <+ < Zg(n) < 00}
@ The integrand ordering p determines the cyclic product of z;; in the denominator.
e For 0 = p =1 we recover Z,(1|1) = o/" 3 A,.

o Will also refer to o as the scalar ordering and to p as the pion ordering.
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Non-Abelian Z-theory

We generalize the Koba-Nielsen formula for dual resonant amplitudes to non-abelian Z-theory

amplitudes by introducing two orderings o, p € S,
Broedel et.al. [1304.7267]

_ dzy ...dz, [T |zij|% 5
Zn(olp) = o™ 3/ J .
(“le) D(o) VOI(SL(2,R)) z)(12)2p(23) - - - Zp(n—1n)Zp(n1)

@ The domain ordering o determines D(0) = {—00 < zy(1) < Zg(2) <+ < Zg(n) < 00}
@ The integrand ordering p determines the cyclic product of z;; in the denominator.

e For 0 = p =1 we recover Z,(1|1) = o/" 3 A,.

o Will also refer to o as the scalar ordering and to p as the pion ordering.

Define color-dressed (along o) Z-theory amplitude,
Mafra et.al. [1609.07078]

Zn(p) = tr(t't"® . 4°M) Z,(10]p).

O’ESn—l
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Abelian Z-theory

Consider the special case where all generators are abelian, i.e. t* — 1 fori=1,...,n.

Then we can define the abelian Z-theory amplitude
Carrasco et.al. [1608.02569]

Z}p) = Zu(1|p)

oESH_1
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Abelian Z-theory

Consider the special case where all generators are abelian, i.e. * — 1 fori=1,...,n.

Then we can define the abelian Z-theory amplitude
Carrasco et.al. [1608.02569]

Zp) = Zn(lolp)

oESH_1

NB: The abelian amplitude Z4(p) still corresponds to a theory with non-abelian charges
pertaining to the (single) ordering p.
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Abelian Z-theory

Consider the special case where all generators are abelian, i.e. * — 1 fori=1,...,n.

Then we can define the abelian Z-theory amplitude
Carrasco et.al. [1608.02569]

Zp) = Zn(lolp)

oESH_1

NB: The abelian amplitude Z4(p) still corresponds to a theory with non-abelian charges
pertaining to the (single) ordering p.

@ Remarkably, the low energy limit yields flavor-ordered NLSM amplitudes:

lim 027" Z:(p) = ANSM(p).

a’'—0
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Abelian Z-theory

Consider the special case where all generators are abelian, i.e. * — 1 fori=1,...,n.

Then we can define the abelian Z-theory amplitude
Carrasco et.al. [1608.02569]

Zp) = Zn(lolp)

oESH_1

NB: The abelian amplitude Z4(p) still corresponds to a theory with non-abelian charges
pertaining to the (single) ordering p.

@ Remarkably, the low energy limit yields flavor-ordered NLSM amplitudes:
lim 027" Z:(p) = ANSM(p).
a’—0

e For n =2k + 1 odd we have Z?k+1(p) =0.
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Abelian Z-theory

Consider the special case where all generators are abelian, i.e. * — 1 fori=1,...,n.

Then we can define the abelian Z-theory amplitude
Carrasco et.al. [1608.02569]

Zp) = Zn(lolp)

oESH_1

NB: The abelian amplitude Z4(p) still corresponds to a theory with non-abelian charges
pertaining to the (single) ordering p.

@ Remarkably, the low energy limit yields flavor-ordered NLSM amplitudes:
lim 027" Z:(p) = ANSM(p).
a’—0
e For n =2k + 1 odd we have Z2A19+1(p) =0.
— Abelian Z-theory amplitudes are stringy completion of NLSM pion amplitudes!
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Abelian Z-theory: four point example

At n = 4 can find an explicit closed form answer,

A = a'2u ! ! 1 o/s Oé/ OA/U
Z(1234) = 2 (7(a,8)+7(a,t)+7(a,u)>l“( T ()T (a'u),

where y(z) =T'(1 — z)['(x).
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Abelian Z-theory: four point example

At n = 4 can find an explicit closed form answer,

LR S
v(d's)  a(@t) - ()

Z(1234) = 20/2u( )F(a’s)F(a’t)F(a’u),

where y(x) = I'(1 — )I'(z). Expanding around o = 0 vyields

20 (1230) = (o/m (s + 1) + O
: -

(st t)(s% + st + %) + /51 C3st(s + )2 + O(a’®).
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Abelian Z-theory: four point example

At n = 4 can find an explicit closed form answer,

A = o/2u ! 1 1 CY/S CY/ O/’U,
Z(1234) = 2 <V(a,8)+7(a,t)+7(a,u)>l“( T ()T (a'u),

where y(x) = I'(1 — )I'(z). Expanding around o = 0 vyields

Z(1234) = (a'n)%(s + 1) + (O‘g)4 (5 +1)(s% + st + %) + o> 12Gst(s + 1) + O(®).

— Abelian Z-theory generates very specific higher-derivative corrections to NLSM, i.e. picks
out particular values of LECs in the chiral Lagrangian.
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Semi-Abelian Z-theory

Similarly can define semi-abelian amplitudes where only some generators ' — 1.
For concreteness take i = r+1,...,n,

Carrasco et.al. [1612.06446]

Z3(7lp), T=7(12...7), p=p(12...n)
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Semi-Abelian Z-theory
Similarly can define semi-abelian amplitudes where only some generators ' — 1.

For concreteness take i = r+1,...,n,
Carrasco et.al. [1612.06446]

Z3(7lp), T=7(12...7), p=p(12...n)

Since these amplitudes are neither fully non-abelian () nor fully abelian (7) what do we expect
from their low-energy limit? — Mixed amplitudes coupling scalars and pions!
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Semi-Abelian Z-theory

Similarly can define semi-abelian amplitudes where only some generators ' — 1.
For concreteness take i = r+1,...,n,
Carrasco et.al. [1612.06446]

Z3(7lp), T=7(12...7), p=p(12...n)

Since these amplitudes are neither fully non-abelian () nor fully abelian (7) what do we expect
from their low-energy limit? — Mixed amplitudes coupling scalars and pions!
E.g. for n=5 and r=3 we obtain

Z5(12312345) = (a/m)> (1 S B 851) + O
512 523
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Semi-Abelian Z-theory

Similarly can define semi-abelian amplitudes where only some generators ' — 1.
For concreteness take i = r+1,...,n,
Carrasco et.al. [1612.06446]

Z3(7lp), T=7(12...7), p=p(12...n)

Since these amplitudes are neither fully non-abelian () nor fully abelian (7) what do we expect
from their low-energy limit? — Mixed amplitudes coupling scalars and pions!
E.g. for n=5 and r=3 we obtain

Z5(12312345) = (a/m)> (1 _ St S5 351> + O
512 523

Interpret leading contribution as an amplitude with three scalars (¢) and two pions (),
5

1‘ ’2
M3¢>(1¢2¢3¢47T57r) — ___2 _ 4A< + 4A---.< 5 M ____<"
5 \ \\

4 3 : .

Stringy Methods for Pion Amplitudes | Christoph Bartsch | Chiral Dynamics 2024, Bochum



Overview

@ Historical remarks: the Veneziano amplitude and dual resonant models
@ Z-theory amplitudes:
non-abelian (tr¢3), abelian (NLSM), semi-abelian (NLSM+trg?)
@ Pion amplitudes and soft limits
@ Soft Factor Expansion for Pion Amplitudes
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Pion amplitudes and X -variables

@ From now on will mostly use so-called X-variables

Xij=(pi + pis1 + ... pj—1) =si_j1, Xii1=p; =0, Xij=Xj.
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Pion amplitudes and X-variables

@ From now on will mostly use so-called X-variables
Xij=(pi + pis1 + ... pj—1) =si_j1, Xii1=p; =0, Xij=Xj.

@ Using X-variables, tree-level NLSM amplitudes are simple rational functions of Xj;:

(X3 + Xo24)(Xu6 + Xi5)
X1y

Ag=s+t=X13 + Xo4, Ag= — X13 + cyc.
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Pion amplitudes and X-variables

@ From now on will mostly use so-called X-variables

Xij=(pi + pis1 + ... pj—1) =si_j1, Xiit1=p;=0, Xij=Xji.

@ Using X-variables, tree-level NLSM amplitudes are simple rational functions of Xj;:

(X13 + Xo4)(Xy6 + X15)
X1y

Ag=s+t=X13 + Xo4, Ag= — X13 + cyc.

e Consider A,, not as functions of momenta {p;} but directly as functions of X-variables,

A=A, (X55).
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Pion amplitudes and X-variables

@ From now on will mostly use so-called X-variables

Xij=pi+pis1+..-pj-1)’=si_j-1, Xiit1=p;=0, Xij=Xji.

@ Using X-variables, tree-level NLSM amplitudes are simple rational functions of Xj;:

(X13 + Xo4)(Xa6 + X15)
X1y

Ag=s+t=X13 + Xo4, Ag= — X13 + cyc.

e Consider A,, not as functions of momenta {p;} but directly as functions of X-variables,
Ay =An(Xi5).
@ More abstractly think of A,, as functions of labels,

Ap=A,(123...n—1n).
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Pion amplitudes and X-variables

@ From now on will mostly use so-called X-variables

Xij=pi+pis1+..-pj-1)’=si_j-1, Xiit1=p;=0, Xij=Xji.

@ Using X-variables, tree-level NLSM amplitudes are simple rational functions of Xj;:

(X13 + Xo4)(Xa6 + X15)
X1y

Ag=s+t=X13 + Xo4, Ag= — X13 + cyc.

e Consider A,, not as functions of momenta {p;} but directly as functions of X-variables,
Ay =An(Xi5).
@ More abstractly think of A,, as functions of labels,
Ap=A,(123...n—1n).
E.g. at four points A4(abcd)=X,e + Xpg, so A4(1234)=X135 + Xoy=A4.
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Adler Zero and hidden structure: Mixed Amplitudes

@ Famously, NLSM amplitudes exhibit special soft behavior known as Adler Zero,
Adler Phys. Rev. B 137 1022-1033 (1965)

i—0
A, 2500.
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Adler Zero and hidden structure: Mixed Amplitudes

@ Famously, NLSM amplitudes exhibit special soft behavior known as Adler Zero,
Adler Phys. Rev. B 137 1022-1033 (1965)

i—0
A, 2500.

@ Closer inspection of Adler Zero reveals hidden structure in soft limit.
Taking p; — Ap; and then A — 0 yields

Cachazo etal.[1604.03893]
A—0 3
A0\ Z sij M?9 + 0(N?),
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Adler Zero and hidden structure: Mixed Amplitudes

@ Famously, NLSM amplitudes exhibit special soft behavior known as Adler Zero,
Adler Phys. Rev. B 137 1022-1033 (1965)

i—0
A, 2500.

@ Closer inspection of Adler Zero reveals hidden structure in soft limit.
Taking p; — Ap; and then A — 0 yields

Cachazo etal.[1604.03893]
A—0 3
A0\ Z sij M?9 + 0(N?),

where s;; = (p; + p;)* and szl are mixed amplitudes in NLSM + ¢? theory.
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Adler Zero and hidden structure: Mixed Amplitudes

@ Famously, NLSM amplitudes exhibit special soft behavior known as Adler Zero,
Adler Phys. Rev. B 137 1022-1033 (1965)

i—0
A, 2500.

@ Closer inspection of Adler Zero reveals hidden structure in soft limit.
Taking p; — Ap; and then A — 0 yields

Cachazo etal.[1604.03893]
A—0 3
A0\ Z si Mi?9 + 0(\?),

where s;; = (p; + p;)* and MSfl are mixed amplitudes in NLSM + ¢? theory.
@ Recently: Mixed amplitudes appear in hidden factorization of NLSM amplitudes close to
special kinematic POINtS Arkani-Hamed et. al. [2312.16282]. E.g.

§13=814="=81n—2=0
A, nETS Ay x MY x M2,
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Adler Zero and hidden structure: Mixed Amplitudes

@ Famously, NLSM amplitudes exhibit special soft behavior known as Adler Zero,
Adler Phys. Rev. B 137 1022-1033 (1965)

i—0
A, 2500.

@ Closer inspection of Adler Zero reveals hidden structure in soft limit.
Taking p; — Ap; and then A — 0 yields

Cachazo etal.[1604.03893]
A—0
5 Z si Mi?9 + 0(\?),

where s;; = (p; + p;)* and MSfl are mixed amplitudes in NLSM + ¢? theory.
@ Recently: Mixed amplitudes appear in hidden factorization of NLSM amplitudes close to
special kinematic POINtS Arkani-Hamed et. al. [2312.16282]. E.g.

§13=814="=81n—2=0
A n Ay x M3? x M>?,

Since amplitudes M2 are everywhere: can we use them to compute pion amplitudes?

Stringy Methods for Pion Amplitudes | Christoph Bartsch | Chiral Dynamics 2024, Bochum 14



Soft Limit in X-variables
@ At level of X-variables define soft limit (e.g. p,, — 0) as formal replacement of labels
pn— 0 =~ X — Xy,

i.e. simply mapping n +— 1.
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Soft Limit in X-variables
@ At level of X-variables define soft limit (e.g. p,, — 0) as formal replacement of labels
Pn — 0 =~ in — X1i7

i.e. simply mapping n +— 1.
@ This yields the label soft limit of the amplitude

n—1

A,(12...n—1n) 224 A, (12...n—11)
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Soft Limit in X-variables
@ At level of X-variables define soft limit (e.g. p,, — 0) as formal replacement of labels
Pn — 0 =~ in — X1i7

i.e. simply mapping n +— 1.
@ This yields the label soft limit of the amplitude

n—1

A,(12...n—1n) 224 A, (12...n—11)

e Ex.: At 6 points,

Ag(123456) 2= — X153 (12345) — X1oM2?(23451)

= Ag(123451),

where M3 19973T4050) — 1 — Xia+Xoa  Xoat+Xzs
5 X14 Xa2s
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Label Soft Theorem at n Points

@ Generally, at n-points, we find the label soft theorem,
An(1..on) 22 — Xy, M2 (1. n—1) — X12M>? (2...n—11)
= A,(12...n—11)

with mixed 3¢ amplitudes M7::"75(1‘7527T37T ..n—2"n—1%n%).
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Label Soft Theorem at n Points

@ Generally, at n-points, we find the label soft theorem,
An(1..on) 22 — Xy, M2 (1. n—1) — X12M>? (2...n—11)
= A,(12...n—11)
with mixed 3¢ amplitudes M7:i"’5(1‘7527r37T . .n—2"n—1%n%).

@ Suggests to decompose the amplitude as

An(1...n) = X1 1 M2% (1...n—1) — X0, M>? (2...n—1n) + R,
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Label Soft Theorem at n Points

@ Generally, at n-points, we find the label soft theorem,
An(1..on) 22 — Xy, M2 (1. n—1) — X12M>? (2...n—11)
= A,(12...n—11)
with mixed 3¢ amplitudes Mj?(19273™ .. .n—2"n—19n?).
@ Suggests to decompose the amplitude as
_ 3¢ 1) _ 3¢ _
An(l R n) = Xl,n—an_l(l R ) 1) XQnMn_1(2 ...n—1 n) + R,

e Remainder function R, crucially satisfies

R,(12...n) —— 0.
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Overview

@ Historical remarks: the Veneziano amplitude and dual resonant models
@ Z-theory amplitudes:
non-abelian (tr¢3), abelian (NLSM), semi-abelian (NLSM+tr¢?)
@ Pion amplitudes and soft limits
@ Soft Factor Expansion for Pion Amplitudes
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Structure of Remainder Function

. 1 . .
o To make soft limit R, /-~ 0 automatic can write

n—2
Rn = Z Sn,kcn,k-
k=3
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Structure of Remainder Function

. 1 . .
o To make soft limit R, /-~ 0 automatic can write
n—2
Rn = Z Sn,kcn,k-
k=3

o The soft factors

Snk = X1k —Xkn,

manifestly vanish .S, . 200 for all k.
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Structure of Remainder Function

. 1 . .
o To make soft limit R, /-~ 0 automatic can write
n—2
Rn = Z Sn,kcn,k-
k=3

o The soft factors

Snk = X1k —Xkn,

manifestly vanish .S, . 200 for all k.

o Coefficients C), i, are given in terms of lower-point NLSM and mixed amplitudes,

Cor = XLmAk(l---k)Mka_ﬂ(k...n), if k& even,
" _XL,MMl?(b(l---k)An_j+2(k...n), if £ odd.
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The Soft Factor Expansion |

@ Plugging in yields all-order formula for NLSM amplitudes

Ap=— X1 1M (1...n=1) — X9, M>? (2...n—n)

+ Ry,
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The Soft Factor Expansion |

@ Plugging in yields all-order formula for NLSM amplitudes

Ap=— X1 M2 (1...n—1) — X0, M>? (2...n—n)

2
Shn,2j N3 .
+> {ﬁ@ja 2)MY% (25 .n—1n)
=2 ’
Sn,Zj—i—l 3¢ . .
+ X—M2j+1(1 2541 Ap (2541 n) ¢,
2j+1,n

with S'n,j = -5
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The Soft Factor Expansion |

@ Plugging in yields all-order formula for NLSM amplitudes

Ap=— X1 M2 (1...n—1) — X0, M>? (2...n—n)

2
Sn,2; N3 )
+ Z {ﬁflgj(l . 2])Mnf2j+1(2] ...n—1n)
j=2 + b
gn,2j+1 3¢ . A .
J 7n
with Sy, ; = =S, ;. — Soft Factor Expansion (SFE) of NLSM amplitudes!

Stringy Methods for Pion Amplitudes | Christoph Bartsch | Chiral Dynamics 2024, Bochum



The Soft Factor Expansion |

@ Plugging in yields all-order formula for NLSM amplitudes

Ap=— X1 M2 (1...n—1) — X0, M>? (2...n—n)

2
Sn,2; N3 )
+ Z {ﬁflgj(l . 2])Mnf2j+1(2] ...n—1n)
j=2 + b
gn,2j+1 3¢ . A .
J 7n
with Sy, ; = =S, ;. — Soft Factor Expansion (SFE) of NLSM amplitudes!

o Efficiently packages amplitude into O(n) terms.
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The Soft Factor Expansion |

@ Plugging in yields all-order formula for NLSM amplitudes

Ap=— X1 M2 (1...n—1) — X0, M>? (2...n—n)

2
Sn,2; N3 )
+ Z {ﬁflgj(l . 2])Mnf2j+1(2] ...n—1n)
j=2 + b
Sn,2j+1 3¢ . A .
J 7n
with Sy, ; = =S, ;. — Soft Factor Expansion (SFE) of NLSM amplitudes!

o Efficiently packages amplitude into O(n) terms.
@ Manifests label soft theorem (< Adler Zero) term by term for p,, —0.
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The Soft Factor Expansion |l
e Soft Factor Expansion: (SFE)

An = _Xl,n—lM::(fl - X2nM3¢1 + Ry,

Sp2j41

Rn M2]+1 XAn_Qj}.

Il
—
& |

I

&
X
gw

&7

A
+

Xojt1n

n
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Cubic Recursion Relations

@ SFE for pions can be completed into recursion relation provided we can calculate mixed
amplitudes M3
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Cubic Recursion Relations

@ SFE for pions can be completed into recursion relation provided we can calculate mixed
amplitudes M32?. And we can!
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Cubic Recursion Relations
@ SFE for pions can be completed into recursion relation provided we can calculate mixed
amplitudes M32?. And we can!
e Combined with the SFE for NLSM amplitudes this gives cubic recursion relations.
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Cubic Recursion Relations
@ SFE for pions can be completed into recursion relation provided we can calculate mixed
amplitudes M32?. And we can!
e Combined with the SFE for NLSM amplitudes this gives cubic recursion relations.
Only input required: 3-point amplitude M33¢,

1:M§’¢’——>A4——>M53¢——>A6—>...
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Cubic Recursion Relations
@ SFE for pions can be completed into recursion relation provided we can calculate mixed
amplitudes M32?. And we can!
e Combined with the SFE for NLSM amplitudes this gives cubic recursion relations.
Only input required: 3-point amplitude M§¢,

1:M§’¢’——>A4——>M53¢——>A6—>...

e Highly efficient: each step requires summing only O(n) terms.

@ Soft factor expansion (and recursion) can be extended to planar loop integrands.
CB et.al. [2401.04731],[24xx.xxxx]
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Conclusion & Outlook

@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)
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Conclusion & Outlook

@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)

@ Provide insight into the structure of pion amplitudes, e.g. soft limits.
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Conclusion & Outlook
@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)
@ Provide insight into the structure of pion amplitudes, e.g. soft limits.

e Facilitate discovery of new properties of amplitudes, e.g. hidden zeros/factorization.
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Conclusion & Outlook

@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)

@ Provide insight into the structure of pion amplitudes, e.g. soft limits.
e Facilitate discovery of new properties of amplitudes, e.g. hidden zeros/factorization.

@ Reveal surprising connections between various theories (tr¢3, NLSM, even YM!)

Arkani-Hamed et.al. [2401.00041] [2403.04826]
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Conclusion & Qutlook
@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)
@ Provide insight into the structure of pion amplitudes, e.g. soft limits.
e Facilitate discovery of new properties of amplitudes, e.g. hidden zeros/factorization.

@ Reveal surprising connections between various theories (tr¢3, NLSM, even YM!)

Arkani-Hamed et.al. [2401.00041] [2403.04826]

@ Allow efficient recursive computation of NLSM amplitudes to all loops and multiplicities
through Soft Factor Expansion (SFE).
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Conclusion & Outlook
@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)
@ Provide insight into the structure of pion amplitudes, e.g. soft limits.
e Facilitate discovery of new properties of amplitudes, e.g. hidden zeros/factorization.
@ Reveal surprising connections between various theories (tr¢3, NLSM, even YM!)
Arkani-Hamed et.al. [2401.00041] [2403.04826]
@ Allow efficient recursive computation of NLSM amplitudes to all loops and multiplicities
through Soft Factor Expansion (SFE).
Open questions:
@ Masses for the pions?
o Higher-derivative corrections (ChPT)?

@ Beyond single-trace operators?
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Conclusion & Outlook
@ Stringy methods hailing from the heyday of hadron physics are making a comeback.
(Not as a fundamental theory but as a toolkit.)
@ Provide insight into the structure of pion amplitudes, e.g. soft limits.
e Facilitate discovery of new properties of amplitudes, e.g. hidden zeros/factorization.
@ Reveal surprising connections between various theories (tr¢3, NLSM, even YM!)
Arkani-Hamed et.al. [2401.00041] [2403.04826]
@ Allow efficient recursive computation of NLSM amplitudes to all loops and multiplicities
through Soft Factor Expansion (SFE).
Open questions:
@ Masses for the pions?
o Higher-derivative corrections (ChPT)?

@ Beyond single-trace operators?

Thank you!
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