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Anomalies with partially conserved axial current

v — 31 & 7% — v paradigms of chiral anomalies

Sutherland—Veltman theorem implies vanishing of the amplitudes
Sutherland, 1967, Veltman 1967

But 7% — 77 is the dominant decay mode of the neutral pion!

Discovery of the chiral anomaly! Adler, 1969, Bell, Jackiw, 1969
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Anomalies with partially conserved axial current

“Possible connection between the amplitudes of the processes eTe™ — 3,

vy = 37, and 79 — 24" Terent'ev, 1971
x’ P [ D4
i —
(] \\6" P
Fig. 1 Fig. 2
Jy = (pla,pgb,pgc ‘]u(o)l O> Ml/,u = f'euua6q1aq2ﬁ
= ih’eabceuaﬁ'yplap25p3'y
e h=f/eF?
e Partially conserved axial current Adler, Lee, Treiman, Zee, 1971
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Anomalies with chiral perturbation theory

Chiral perturbation theory as effective field theory of QCD at low energy
Weinberg, 1979, Gasser, Leutwyler, 1984

Wess—Zumino—Witten effective action for anomalous processes
Wess, Zumino, 1971, Witten, 1983

Leading-order prediction:

1 -3

F; =92.28(10) MeV: pion decay constant PDG, 2022

Primakoff experiment at Serpukhov showed some tension with theory
Antipov et al., 1987

F3, = 38.7(2.7)(1.5) GeV 3
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Anomalies with chiral perturbation theory

Corrections beyond leading order lead to consistent value:

F3p = 32.1(3.6) GeV 3

e One loop Bijnens, Bramon, Cornet, 1990
e [nclusion of vector mesons Holstein, 1996
e Two loops Hannah, 2001

Large electromagnetic corrections from t-channel
Ametller, Knecht, Talavera, 2001

Integral-equation approach suffers from ambiguity Truong, 2002

Negligible leading-logarithm contributions to five loops
Bijnens, Kampf, Lanz, 2012

e Dyson—Schwinger equations Alkofer, Roberts, 1996, Xing et al., 2024

Extraction from 7~e~ — 7 e~ 7" produces: Giller et al., 2005
F3, = 28.8(3.3) GeV 3
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Anomalies with current status

Anomalies v — 3T 70— 4y
Experiment  Primakoff reaction, 77e~ — 7 e~ n" Primakoff reactions
Precision 10% 0.8%

Lattice S = Pion transition form factor
Precision ~ 50% ~ 4%

e Expected improvement both from experiment and lattice
talk by Maltsev
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Anomaly from v+t — 7Ex0

Serpukhov experiment covers only the threshold region
Primakoff studies at COMPASS extend to much higher energies
Inclusion of the p-region increases the statistics of anomaly extraction

Amplitude constraints from analyticity, unitarity, & crossing symmetry

- 0| e

= Dispersive approach
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Anomaly from v+t — 7Ex0

Express the amplitude y(q)m~(p1) — m (p2)7°(po) in terms of the scalar
function F(s,t,u): Hoferichter, Kubis, Sakkas, 2012

M(s,t,u) = iewaﬂe“p’fpg‘pg F(s,t,u), s,t,&uMandelstam variables

The cross section is given by:

_ o) am) 2 :
o(s) = 102075 /_1 dz(1 = 2%)|F (s, t,u)|

Dispersive representation of F(s,#,u) normalized to Fj,:

1 © ds’ 2 t2 2
}‘(,g7t,«u):02+/ /SQ{S,S + + }'mfl(sl)

T Jamz2 S —-s §—-t s —u

e fi(s): P-wave amplitude
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Anomaly from v+t — 7Ex0

Sensitivity of the cross section to the parameter Cs:
Hoferichter, Kubis, Sakkas, 2012

35

. N 1 1 1 1 T .
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Vs | GeV

e (5 varied between 9.78 GeV ™2 & 12.9 GeV 3
= Incorporated by COMPASS for data analysis
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Anomaly from v — 77

Moving to lattice QCD:

e Nonzero photon virtuality = f1(s) — fi(s,¢%)
e Discrete energy levels = Luscher formalism Liischer, 1991
e Unphysical pion mass = chiral extrapolation

e Quantization condition at finite volume:
Bricefio, Hansen, Walker-Loud, 2015

_ 4m 85(E*) 6¢(E*) finite volume 2
Tk L 0B 0B i (5:4°)

f1 (s.0%)|”

‘2
0 (E*): 7w scattering phase shift at center-of-mass energy E*
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Anomaly from v — 77

Amplitude calculated in terms of Khuri—-Treiman equations:
Khuri, Treiman, 1960, Niecknig, Kubis, Schneider, 2012

fi (5,0 = co () 12 (5,0%) +e1 (@) 11V (5. 4%)

Basis functions fl(k) obtained from inverse-amplitude-method phase ¢

Subtraction functions ¢, describe ¢> dependence (y* — 7mm)

. . OMZ—2-3M,
Conformal variable with w (¢?) = Y —L "~
JOM2 —q213M,

q°) = Z byjw (qz)j strategy Il
Ck (q e Z bijw strategy |IP
M2 7=0

M, dependence:
brj (M2) = ag; + Br; M2, o, Brj € R.

CD 2024 Bai-Long Hoid, ITP 12



Anomaly from v — 77

Lattice QCD data:
o M, ~ 391 MeV HadSpec, 2013, 2015
o M, =~ 317 MeV Alexandrou et al., 2017, 2018

= Need to analyze both data sets simultaneously

Fit vs data @M, ~ 391 MeV

strategy  x2/dof p value
I 29 =1.69 8.99x 1073
1P 28 =136 831x1072

e Inclusion of w pole improves fit
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Fit vs data @M, ~ 391 MeV

Anomaly from v — 77
Niehus, Hoferichter, Kubis, 2021
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Anomaly from v — 77

OM, = 139.57 MeV Niehus, Hoferichter, Kubis, 2021
20 strategy II
strategy IIP
15 A
=
~
© 10 A
5 -~
0 : 8
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Js/GeV

e To be compared with COMPASS
o Unphysical high-energy behavior: irrelevant in low-energy region
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Anomaly from v — 77

OM, = 139.57 MeV Niehus, Hoferichter, Kubis, 2021

Fsr = 38(16)(1)(11) GeV 3
[oye | = 0607505 (3)(7) GeV ™

to be compared with Hoferichter, Kubis, Zanke, 2017

1 -3
Py = pry (32.23 + 0.10) GeV

|gpym| = (0.79 +0.08) GeV !
Errors dominated by:

e Statistical error of | ffinite volume|

e Systematic error of parametrization of ¢;

= Can be improved by more precise data at more different M,
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Anomaly from ~v* — 7tn w0

Motivation from the muon g, — 2 as v* — nt7 7 plays crucial rules in:

e Hadronic vacuum polarization

I Iz

hadrons

e Hadronic light-by-light scattering

© o

talks by Colangelo, Wittig
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Hadronic vacuum polarization

2

Im r\/\,‘\/\, x ‘x/\é ‘ x o(efe” — 4" — hadrons)

hadrons hadrons

aHVP = / dsK(s)o"(ete™ — hadrons)

Sthr

Overview of the 7t7— 70 channel:

e Second largest exclusive channel after 77~

o Large relative discrepancy between direct data-integration work

Davier et al., 2017, Jegerlehner, 2017, Keshavarzi et al., 2018

e New data claiming p—w mixing! BaBar, 2021

e How is the sensitivity to chiral anomaly F3,.7
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Hadronic light-by-light scattering

g’v
/

quarks

talk by Holz
e Pion transition form factor F0...-(qf,¢3) enters as input

e Building blocks of Fo. .« (¢2,42)'s dispersive treatment:

A
T Is

» Pion vector form factor FY (s)

» Partial wave amplitude fi (s, ¢?) for the v*(q) — 77~ 7" amplitude
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~* — 37 dispersive representation

The v*(q) — 7+ (pL )7~ (p_)7°(po) decay amplitude F(s,,u; ¢*):
(015 (O) |7 (p)7 ™ (P=)7°(90)) = ~€pupo PYP DG F (5.1, 1347

q=p++p-+po; S t& uare Mandelstam variables

Decompose into single-variable functions:
Fstouiq?) = Fls,¢%) + F(t,q°) + F(u, ¢°)
Normalization is given by the chiral anomaly:

.F(0,0,0,0):Fgﬂ,
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~* — 37 dispersive representation

A once-subtracted dispersive solution to the discontinuity equation:
Hoferichter, Hoid, Kubis, 2019

Fio) = a1+ [ ar T Sl

T Jaz S(8 = 8)|Qs )|
oo 1 ’
Q(s) = exp i/ ds’' L)
T a2z S (8 —s)
is the Omneés function Omnes, 1958
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~* — 37 dispersive representation

A once-subtracted dispersive solution to the discontinuity equation:
Hoferichter, Hoid, Kubis, 2019

e =i 1 [ oS

Q(s) =exp {jr L:; dsls/?;/(s_)s)}

is the Omnés function Omnes, 1958

F(s,¢%) absent:

_F

]:(s q°) present:

w@/f

® |ncorporated crossed-channel interactions
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a(q?

~* — 37 dispersive representation

) fit to different ete™ — 37 cross-section data with parameterization:
Im A
a(g” —aA+/ g + Chn(g?)
- ¢?)
A 2 V = w, o, /7 Z
(@) = ZMQ—q —Z\/il"v w, P, w,w
n ) . e — /s 1 — o2
=Y a(ae) —20)),  alg)) = Ve VI T
i=1 Sinel — S1 + Sinel — @
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~* — 37 dispersive representation

a(q?) fit to different ee~ — 37 cross-section data with parameterization:

o _aA+/ '”‘A qg) + Cnle?)

A(g?) = V=w,é,w,w"

ZM2 —q2 —z\/il"v

i i inel — - inel — 2
=Y @) - 2(0)), (e = e L
i=1 V/ Sinel — S1 + Sinel — @

e S-wave cusp eliminated

o ay = F3;/3 x 1.066(10) to allow for quark-mass renormalization

e Exact implementation of v* — 37 anomaly:

1 |
A / ds’ L()
T Sthr S
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p—w mixing in v* — 37

e Prominent signal in 27 due to narrow w width
> 9u(s) =1+ e =" (dispersively improved)
» Ree, = 1.97(3) x 1073 Colangelo et al., 2022
arg e, = 3.5(1.0)° (theory: 7%, 7wy, 1Y)
arge, = 4.5(1.1)° (fit)

e Counterpart in 37 is not intuitive, but

» Enhanced by stronger p-y coupling: gu-~/gpy = 3

» First signal claimed in 37 data! BaBar, 2021
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p—w mixing in v* — 37

o Line shape from ete™ — {2, 37} coupled-channel two-potential formalism
Hanhart, 2012, Holz et al., 2022

o Analogous multiplicative mixing factor from vacuum-polarization function

oo 2
/ LTS Y (5]
4 s

s
™ =1 w 2
9a(5) +Cwlon 4872 (s — s — ie)

M2
2
gw'y S

NVV1+
~ € ,
wgg,y M2 —s—iM,l',

e Our findings:
» Fits yield Ree¢,, > 0 with > 50 significance

» x2/dof improves from 1.4 to 1.2

» Ree, = 1.49(25) x 1073 consistent with 27 extraction at 20
> Fits not sensitive to arge,
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Anomaly from ~v* — 7tn w0

What if we ask about the chiral anomaly from ete™ — 37 data?

e Set I3, as a fit parameter in dispersive representation:

Hoferichter, Hoid, Kubis, work in progress

x?/dof 1.35 — 1.34
Fs/FYPC = 1.026 + 0.013

e Statistical sensitivity of few percent
e Systematic effect to be analyzed

e Complementarity with y7+ — 7570
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Fit results
Fit to eTe™ — 37 data up to 1.8 GeV: Hoferichter, Hoid, Kubis, Schuh, 2023

BaBar 2021 E

1000 f
SND 2002
SND 2003
SND 2020
100 CMD-2 1995
= CMD-2 1998
=] - CMD-2 2004
i 10 kb - CMD-2 2006 E
‘ s 3
ok
© 1
0.1

0.6 0.8 1 1.2 1.4 1.6 1.8
V¢* [GeV]
e Vacuum polarization removed from the cross section

e Black and Gray bands represent fit and total uncertainties
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Conclusion and outlook

e Chiral anomalies v — 37 & 7° — vy

e Anomaly from yr® — 7% 70
» Dispersive approach to extend data range
» Chiral extrapolation of lattice results

» Extraction of 7° — ~+ anomaly from radiative channel 7%~?

e Anomaly from * — 7t7 =70
» Complementary sensitivity

» Three-particle framework for lattice talks by Romero-Lopez, Sharpe, Sjo
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Much obliged for your attention!
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Overview of the w7~ 7° channel

e Second largest exclusive channel after 777~

e |arge relative discrepancy between direct data-integration works

af’f x 1010 below 1.8 GeV before 2019

Davier et al., 2017  Keshavarzi et al., 2018 relative difference
46.20 + 1.45 47.70 + 0.89 3.2% (0.7% for 7t7™)
Even lower value a3 |<2.0Gev = 44.3(1.5) x 10~ 7! Jegerlehner, 2017
e New data claiming p—w mixing! BaBar, 2021

e How is the sensitivity to chiral anomaly?
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Isospin-breaking corrections in v* — 37

27y decomposition into Born + rest Moussallam, 2013

+a= K -
T e A | a0
<0.95GeV
ot -
o v’ = 0.15(4) x 10710
<0.95GeV

e Born term infrared (IR)-enhanced & dominates!

e Including virtual corrections leads to IR-finite 7s,

= Assume similar pattern also for 37y

CD 2024 Bai-Long Hoid, ITP 30



Isospin-breaking corrections in v* — 37
37 radiative corrections: Hoferichter, Hoid, Kubis, Schuh, 2023

e One fudge-factor option applied to entire amplitude
2 o t+ 2 2) |2 o
T3 () (q ) oc/ ds/ dtK(s,t;q ) |}"(s,t,u,q )| (1 + ;77277(8))
S_ t_

o Difference to other choice is negligible

e 1)3.(¢*) defined from ratio

037 () (q2)

Q
=1+ *TIBW(QQ)
a5 (¢) 0
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Isospin-breaking corrections in v* — 37
37 radiative corrections: Hoferichter, Hoid, Kubis, Schuh, 2023

T T T T T
—— Numerical results

=== 1m3x(¢*) NR approximation -

1n (V@ = Mr)?)

n(a?)

L L L L N
0.4 0.6 0.8 1.0 12 14 1.6 1.8 2.0

V@ [GeV]

e Threshold behavior matched to non-relativistic expansion

e Sizable difference to shifted 72, (q?)
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Fit results

Update after our analysis:

aff x 1019 below 1.8 GeV in WP 2020
Davier et al., 2019 Keshavarzi et al., 2019 Hoferichter, Hoid, Kubis, 2019

46.21 +£1.45 46.63 +0.94 46.16 + 0.82

e Large relative difference resolved

In combination with the 27 channel: Colangelo et al., 2018

aX|<1.0Gev + @) |<1.8Gev = 541.2(2.7) x 10710

e 80% of HVP imposing analyticity and unitarity constraints

All seem consistent, so what to bother?
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Numerical results
Comparison of I’ (7‘(‘0 — fyfy) as byproducts:

8.5 | g

GBH 2002 {as2)? KEL2009

chiral anomaly

19

1

L7 — y7) [eV]

CBAL 1988
BMW 2023
ETMC 202

PrimEx-II 2020 Ho—~ l

PIBETA 2009

oo
PrimEx 2011 »—.

CER
Mainz

6.5 |

RBE/UKQCD 2022

5 1 1 1 1

ot

Experiments & lattice

o Lattice results systematically below experiment, finite-volume corrections?
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ete™ — 37 cross section data sets

Experiment Region of \/sGeV  # data points  Normalization uncertainty

SND 2002 [0.98,1.38] 67 5.0% or 5.4%

SND 2003 [0.66,0.97] 49 3.4% or 4.5%

SND 2015 [1.05, 1.80] 31 3.7%

CMD-2 1995 [0.99,1.03] 16 4.6%

CMD-2 1998 [0.99,1.03] 13 2.3%

CMD-2 2004 [0.76,0.81] 13 1.3%

CMD-2 2006 [0.98,1.06] 54 2.5%

DM1 1980 [0.75,1.10] 26 3.2%

ND 1991 [0.81,1.39] 28 10% or 20%

DM2 1992 [1.34,1.80] 10 8.7%

BaBar 2004 [1.06, 1.80] 30 all systematics
e Normalization uncertainties produce a bias D'Agostini, 1994
e Unbiased fitting required NNPDF collaboration, 2010
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Fit results

Resonance parameters M,,, Iy, My, 'y, co, g, cor & curr

Conformal parameters c1, ¢o & c3

Energy rescaling /s — /s + {(v/s — 3M)

This work

2 /dof 430.8/305=1.41

Fit errors are inflated by the scale factor S = /x?2/dof
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Backup

Fits to the data combination:

diagonal full
2 3 4 2 3 4

361.3/306 354.6/305 354.0/304  443.7/306  430.8/305 430.7/304

=1.18 =1.16 =1.16 =1.45 =1.41 =1.42
0.02 0.03 0.03 4x 107 3x 1076 2x 106
782.60(4) 782.60(4) 782.60(4) 782.63(2) 782.63(2) 782.63(2)

8.75(6) 8.79(6) 8.77(6) 8.69(3) 8.71(3) 8.71(3)
1019.23(2)  1019.22(2)  1019.22(2)  1019.20(1)  1019.20(1)  1019.20(1)

4.34(4) 4.32(4) 4.32(4) 4.24(3) 4.23(3) 4.23(3)

2.87(1) 2.89(1) 2.88(1) 2.85(2) 2.86(2) 2.86(2)
—0.395(3) —0.394(3) —0.394(3) —0.388(3) —0.386(3) —0.386(3)
—0.18(3) —0.09(5) —0.08(5) —0.17(3) —0.07(4) —0.06(4)
—1.65(8) —1.52(10) —1.55(10) —1.65(8) —1.52(8) —1.53(10)
—0.35(10) —0.22(11) —0.24(11) —0.31(10) —0.12(11) —0.14(12)
—1.28(4) —1.39(6) —1.33(9) —1.24(4) —1.36(5) —1.34(9)
— —0.48(8) —0.51(9) — —0.47(7) —0.48(8)

— — 1.39(9) — — 1.41(9)

1.9(7) 1.8(7) 1.8(7) 1.3(5) 1.3(5) 1.3(5)
46.65(21) 46.70(21) 46.67(22) 45.87(47) 46.16(47) 46.10(50)
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Fit results

Enlarged w and ¢ regions:

- CMD-2 2004
1000} DM 1980
— - SND 2003
=
=
)
i
‘~\
K
S
& 100}

1000

- CMD-2 1995
- CMD-2 1998

%
. CMD-2 2006 f
DM 1980
. SND 2002
100} / \

o(eTe” — 3m) [nb]

0.76 0.77 0.78 0.79 0.8 0.81
V5 [GeV]
M,,= 782.63(3) MeV,
M= 1019.20(2) MeV,
Compared to PDG (VP-subtraction AM,,

M,,= 782.65(12) MeV,
My=1019.461(16) MeV,

1 1005 101 1015  1.02  1.025
Vs [GeV]
,=8.71(6) MeV
I'y=4.23(4) MeV
= —0.13MeV, AM, = —0.26 MeV):

I,= 8.49(8) MeV
Ty= 4.249(13) MeV

o M, consistent with PDG; tension with 7wr persists!
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Backup

ete” = 3r  ete” — w0y  combination

M, [MeV] 782.631(28)  782.584(28)  782.607(23)

T, [MeV] 8.71(6) 8.65(6) 8.69(4)
My [MeV] 1019.196(21) 1019.205(55) 1019.197(20)
Ty [MeV] 4.23(4) 4.07(13) 4.22(5)
w and ¢ resonance parameters from ee” — 37 ete™ — 7%y , and their combination
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etem - 7% ete” - KK ete™ = 37

Hoid 2020 Stamen 2022 Hoferichter 2019 Hoferichter 2023 PDG
M., [MeV] 782.584(28) - 782.631(28) 782.53(13)
'y [MeV] 8.65(6) - 8.71(6) 8.74(13)
My [MeV] 1019.205(55) 1019.219(4) 1019.196(21) 1019.201(16
'y [MeV] 4.07(13) 4.207(8) 4.23(4) 4.249(13)

VP-subtracted resonance parameters of w and ¢ in comparison to our previous
e~ — 7%y, and e"e” — KK. The last column

+ +

determinations from e"e~ — 3w, e

gives the PDG values

CD 2024
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