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Quick introduction to chiral perturbation theory (xPT)

XPT Lagrangian by Gasser, Leutwyler (1985) [2]:

Lo = L 4 LW 4+ £O 4 .
F2
£ = D UD" U + (U x + x" V)]
LY(Ly ... Lw) = L TF[D,UD"UP + L Tr[D, U D, U] Tr[D" U D" U] +
+ Ls Tr[D,UTD*UD, U D" U] +
+ Ly Tr[D UTD* U] Tr[xTU + x U] +
+ Ls Tr[D UTD*U(x U + UTX)] + Le Tr[x U + x U +
+ L TrX U = x U'P + Ls il "UX U+ x U UT] +
+iLo Tr[F4* D, UD, U" + F/"”D,U* D, U] + Lio Tr[U" F4* UF.,]

Ux) = exp(FLO qﬁa(X)Aa) X = 2B, diag(m,, my, ms)
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Decay constants

Decay constants of light pseudoscalar meson nonet in terms of QCD axial-vector currents:
ip,U«F; = <0|AZ(0)|P7P>7

where A}, = §v.15M\7q.

SU(3) F,, defined
F,= Fg = Fgcos Vs

Lots of results in literature, we use:

lattice Fg = (1.123+0.035)F, (RQCD21) [3]
phenomenology Ff; =(1.18 £ 0.02)F, (EGMS15) [4]
FS=(1.38+0.05)F, (EF05) [5]
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Decay constants

These decay constants as expressed in [6]:

F2 = F3(1 — 4pr — 2uk) 4+ 8ma (Ly (r +2) + L5) + F26F,

3 3 , 1,
Fi=F (1 — Shm = 3pk = 5“”) + 8m> (L4(r +2)+ SLs(r + 1)) + Fior,

r 1 r
F2 = F3(1—6uk) + 8m> (L4(f+2) +3Ls(2r + 1)) + F0r,

n

where

m, = ZBoIﬁ,
mi = Borii(r + 1),
m? = %Borﬁ(2r +1)
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X, Y and Z

It is convenient to introduce reparametrization of the chiral order parameters Fy and By:

2MFEBy  2MY,

X="mme = M
Fs

z=15

y _ X _ 2Bori _ m2

Z M2 M2

Standard approach assumes these values to be close to one:
— LO terms dominating the expansion

Paramagpnetic inequality [7] - X = X(3) < X(2), Z=Z(3) < Z(2)

If X =0, the chiral condensate would vanish
If Z =0, restoration of chiral symmetry
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Resummed approach

Way to accomodate irregular convergence of chiral expansion

Procedure can be described as follows:

Standard xPT Lagrangian, based on power counting my ~ O(p?)

"safe observables” = related linearly to Green functions of QCD currents

e For an observable A the 'resummed’ chiral expansion has the form

A= ALO L AINLO) L AsA sA< 1

Higher order remainders not neglected, but treated as sources of error

All higher order LECs are effectively contained in the remainders

e All manipulations in nonperturbative algebraic way
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Bayesian approach

Bayesian approach with parameters X; and observables O can be written as

. . P(data|X,-)P(X,-)
P(Xildata) = T dX; P(data|X;)P(X;)
1 (0" = 0™ (X))’
P(datalX;) = exp | —
(datalX;) l:Iok 5= exp 207

In our case

e Three observables - decay constants F, Fk, F,

leading order parameters: X, Z

next-to-leading order parameters: Lj, Lg

higher order remainders: 6r,, dr,, (SF,,]
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For X, Y, Z we use the same constraints as Kolesar, Novotny (2018) [8]
0< Y < Yimax ~25 10%L5 € (0,2)
8Fi M (9w — 1) — 2F2 M (r +1)° (9w, — 1)
M2 (r+1)(2F2 (65, — 1) — F2(r + 1) (65, — 1))
0<Z< Z(2)=0.86+0.01 0fp =0mp =0.0£0.1
0< X < X(2) = 0.89 £ 0.01

10°L; € (-0.5,2)

Ymax =
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Figure: Prior distributions
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To obtain constraints on the NLO LECs L} and Lg
— input Y from 1 — 37 decays Kolesir, Novotny (2018) [8]

Y = 1.44+0.32 (n — 3n).
Prior (Y=1.44+0.32) Prior (Y=1.44+0.32)
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25F ]
: 15
2.0t :
N 15} 1 Z10
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Figure: Prior distributions - Kolesdr, Novotny (2018) [8]
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As an alternative, we will use xQCD Collaboration (2021)[9] results:

Y =0.95+0.10,
Z=054+005 (xQCD21).

Prior (xQCD21) Prior (xQCD21)
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8f 4
— B} ~3
o z |
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z Y

Figure: Prior distributions - [9] (xQCD21).
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Prediction for F,

Algebraically eliminate Fo, L, and Li — obtain one equation:

1

M2y m? m?, 2 2 2
e (In i + @ren ?%) + 3F26r, — 4F20r, + Fﬂéﬁ,].

F; =

2 3[4F,2<7F§+

, Fn
20000
15000
10000

5000

80 100 120 140 160 180

Figure: Theoretical prediction for F,, (10° points)

F, =117.5+ 9.4 MeV = (1.28 + 0.10)F,
F,=117.7+£9.3 MeV (yQCD21)
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Higher order remainders

Use RQCD21 [3], EGMS15 [4] and EF05 [5] as alternative inputs to extract information
about the remainders:

5k = 0104007, &, =—0.08+008, p=071 (RQCD21),
Sk = 0.07+0.06, 6, =—0.06+008, p=085 (EGMSI5),
Sk = —0.06+£0.08,  &r, —0.05+008,  p=064 (EF05).

RQCD21 EGMS15 EF05
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~02 “02 02
-03 1 -03 ; ~03 1
—04 —04 -04
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G, OF,

Figure: Constraints on higher order remainders, alternative inputs for F;
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Extraction of Lg

We may algebraically eliminate Fo and L;:

FZ(1 = 0F,) + 3pin — fik — 2piny + AYMZ (555 log w T LE)(r—1)

Fi =
K 1— 0,
o FR(1 = 0r,) + 4pn — 4pk + §YMZ (3552 log 3> + LE)(2r — 2)
m 1—6F,
160
140
C\‘B 120
E( 100

80

-3 -3
10 Lg 107°Lf

Figure: Theoretical predictions for Fix and F;. 1o and 20 CL contours depicted.
Horizontal - data [10, 3].
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Extraction of Lg

Fx Fx+F, (RQCD21)
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Figure: PDFs for L from Fy and Fy, for F; = (1.123 £ 0.035)F, (RQCD21).

Fx (xQCD21) Fx+F, (RQCD21,xQCD21)
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Figure: PDFs for L from Fx and F, (RQCD21), (xQCD21).
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Extraction of L}

We may eliminate Lg, to obtain the following results:

Fre(L}) Fn(L})
200 160
150 140
S 3120
< 100 =3
W < 100
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10731} 10731}

Figure: Theoretical predictions for Fr and F,. 1o and 20 CL contours depicted. Horizontal -
data from [10, 3].
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Extraction of L}

Fr Fr+F, (RQCD21)
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Figure: PDFs for L} from Fr and F, for F; = (1.123 £0.035)F, (RQCD21).
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Figure: PDFs for L} from Fr and F, (RQCD21), using (xQCD21).
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Final results

Theoretical prediction for the SU(3) n meson decay constant

F, =117.5 + 9.4 MeV = (1.28 = 0.10)F.
Utilizing data from lattice RQCD21[3], we obtained our main result

L, =(0.44+0.37)-10° (RQCD21)
Li = (0.66+0.37) .10 (RQCD21)
rc = 0.10 £ 0.07, dr, = —0.08+0.08, p=0.71 (RQCD21)

We have also used recent computations of the LECs by xQCD21 [9]

Ly =(0.4640.24) 103
L = (0.68+0.42)-10"°

(RQCD21, yQCD21)
(RQCD21, xQCD21)

RQCD21 || HPQCD 13A [11] | BE14 [12] | FF14 [12] | MILCIO [13]
10°L; | 0.44 £0.37 0.09 +0.34 =03 0.76 £0.18 | 0.02+0.56
10°L% | 0.66 + 0.37 1.10 +0.25 1.01+0.06 | 0.50 £ 0.07 | 0.95+0.41

Table: Our main result in comparison with literature
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