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Subthreshold parameters: αππ, βππ, λi (Knecht et al. 1995)
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K(s, t, u) - unitarity corrections

Good convergence expected in 3-flavour ChPT:
(Descotes-Genon et al. 2004)

δα
(6)
ππ ∼ O(mudms)

δβ
(6)
ππ ∼ O(mudms)
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Motivation:

Extraction by Descotes, Fuchs, Girlanda, Stern (2002)

– based on BNL-E865 data (2001)

→ αππ = 1.381± 0.242 (Global fit)

3-flavour ChPT analysis by Descotes-Genon et al. (2004)

→ Y (3) = (M
(2)
π )2/M2

π ∼ 0 (with large uncertainty)

2-flavour ChPT estimate by Colangelo, Gasser, Leutwyler (2001)

→ αππ = 1.08± 0.07

η → 3π analysis by Kolesár, Novotný (2017)

– Descotes et al. (2002) value in tension with η → 3π data

Newer data for ππ scattering lengths available:

– NA48/2 collaboration (2010) from Ke4 + K→3π cusp

– lattice QCD: ETM (2015,17), RBC/UKQCD (2023), Mai et al. (2019)
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Phenomenological representation in terms of scattering lengths:
(Ananthanarayan et al. 2001)

Aππ(s, t, u) = 16πa20 +
4πs

3M2
π

(

2a00 − 5a20

)

+ P (s, t, u) +W (s, t, u) +O(p8)

P (s, t, u) - polynomial part; W (s, t, u) - unitarity corrections

b̄i representation: (Bijnens et al. 1996)
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Extraction of the coefficients of ππ scattering amplitude

- input: scattering lengths from experimental data or lattice QCD

Outline of procedure:

a00 and a20 from exp./lattice data + solutions to Roy equations

↓
phase shifts and imaginary parts of partial wave amplitudes

↓
phenomenological representation

↓
b̄i
↓

αππ, βππ and λi
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Numerical solution for Roy equations

by Ananthanarayan, Colangelo, Gasser, Leutwyler (2001)

→ used by CGL (2001), Descotes et al. (2002), NA48/2 (2010)

Schenk parametrization:

tan(δIl ) =

√

1− 4M2
π

s
q2l

(

AI
l +BI

l q
2 + CI

l q
4 +DI

l q
4
) 4M2

π − sIl
s− sIl

where XI
l - second order polynomials in a00, a20; q2 = 1

4(s− 4M2
π)

We were unable to reproduce uncertainties of coefficients b̄i
given in CGL (2001)!

Extended solution by Descotes et al. (2002)

- includes uncertainty of phase shifts at the matching point (800MeV)

Method - Monte Carlo sampling to numerically model the probability

distribution of the results based on all uncertainties in the inputs
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Experimental input from NA48/2 (model C) (2010):

a00 = 0.2196± 0.0034

a20 = −0.0444+ 0.236(a00 − 0.22)− 0.61(a00 − 0.22)2

−9.9(a00 − 0.22)3 ± 0.0008

Lattice QCD input from ETM (2015, 2017):

a00 = 0.198± 0.011

a20 = −0.0442± 0.0005

Results by Descotes et al. (2002):

- based on BNL-E865 data (Pislak et al. 2001)

Results by Colangelo, Gasser, Leutwyler (2001):

- SU(2) ChPT estimate
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NA48/2 input ETM input Descotes et al. CGL

b̄1 -12.32±1.89 -11.17±0.93 -1.51±7.01 -12.4±1.6

b̄2 11.24±0.67 7.07±2.08 8.93±1.62 11.8±0.6

b̄3 -0.27±0.06 -0.35±0.07 -0.36±0.07 -0.33±0.07

b̄4 0.73±0.01 0.69±0.02 0.71±0.01 0.74±0.01

b̄5 3.65±0.41 2.89±0.49 3.21±0.44 3.58±0.37

b̄6 2.31±0.03 2.14±0.08 2.2±0.08 2.35±0.02

αππ 1.054±0.071 0.860±0.108 1.384±0.267 1.08±0.07

βππ 1.115±0.008 1.051±0.032 1.077±0.025 1.12±0.01

ραβ -0.17 0.94 -0.23

10−3λ1 -3.58±0.65 -4.19±0.66 -4.18±0.63

10−3λ2 9.22±0.12 8.71±0.25 8.96±0.12

10−4λ3 2.37±0.16 2.09±0.19 2.22±0.16

10−4λ4 -1.44±0.02 -1.35±0.04 -1.38±0.04

Our results in comparison with literature

→ large values of b̄1 and αππ excluded
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SU(3)L × SU(3)R ChPT Lagrangian: (Gasser, Leutwyler 1985)

Leff = L(2)
eff + L(4)

eff + L(6)
eff + ...

L(2)
eff =

F2
0

4
Tr[DµUDµU† +2B0M(U + U†)]

where U = U(π,K, η), M = diag(mu,md,ms)

Resummed approach to ChPT: (Descotes-Genon et al. 2004)

- standard χPT Lagrangian and power counting

- irregularities in the expansion allowed

- only expansions related linearly to Green functions

of the QCD currents trusted (safe observables)

- explicitly to NLO, higher orders implicit in remainders

- remainders not neglected, treated as sources of error

- all manipulations in non-perturbative algebraic way
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Subthreshold parameters in resummed ChPT:

α
(th)
ππ ≡ αππ(F0, B0) = α

(2)
ππ + α

(4)
ππ + δα

(6)
ππ

β
(th)
ππ ≡ βππ(F0, B0) = β

(2)
ππ + β

(4)
ππ + δβ

(6)
ππ

Treatment of low energy constants: (Descotes-Genon et al. 2004)

O(p2): left free in terms of B0, F0

O(p4): Li - reparametrized in terms of FP ,MP chiral expansions

- algebraically, indirect remainders generated δ
(6)
FP

, δ
(6)
MP

O(p6) and higher: Ci’s etc. - implicit in remainders δ
(6)
k

→ 11 free parameters: mq, B0, F0, δα
(6)
ππ , δβ

(6)
ππ , δ

(6)
Fπ

, δ
(6)
Mπ

, δ
(6)
FK

, δ
(6)
MK

Extraction of B0 from subthreshold parameters:

αππ(F0, B0) and βππ(F0, B0)

↓
B0
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Bayes’ theorem:
(Bayes 1763) P (B0|data) =

P (data|B0)P (B0)
∫

dB0 P (data|B0)P (B0)

P (B0|data) - probability density of B0 being true given data

P (data|B0) =

√
C

2π
exp

(

−1

2
V TCV

)

, V =





α
(th)
ππ − α

(exp)
ππ

β
(th)
ππ − β

(exp)
ππ





(C - covariance matrix)

P (B0) - prior probability distribution of B0

- theoretical assumptions explicit and under control

num.calculation → Monte Carlo sampling (2.5 × 107 predictions)
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Assumptions:

mud,ms: lattice QCD values from FLAG (Flavour Lattice Averaging Group 2024)

B0, F0: priors based on paramagnetic inequalities: (Descotes et al. 2000)

F0 < F (2), F2
0B0 = Σ0 < Σ(2)

0 < Y (3) < Ymax, Y (3) =
(M

(2)
π )2

M2
π

=
B0(mu +md)

M2
π

Ymax =
8F2

KM2
K

(

δMK
− 1

)

− 2F2
πM

2
π (r +1)2

(

δMπ − 1
)

M2
π (r +1)

(

2F2
K

(

δFK
− 1

)

− F2
π (r +1)

(

δFπ − 1
))

higher order remainders: δα
(6)
ππ = δβ

(6)
ππ = 0.0± 0.03 [8]

δ
(6)
Fπ

= δ
(6)
Mπ

= δ
(6)
MK

= 0.0± 0.1 [8]

δ
(6)
FK

= 0.1± 0.07 (Kolesár, Ř́ıha 2024)
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B0, F0: priors based on paramagnetic inequalities: (Descotes et al. 2000)

F0 < F (2), F2
0B0 = Σ0 < Σ(2)

0 < Y (3) < Ymax, Y (3) =
(M

(2)
π )2

M2
π

=
B0(mu +md)

M2
π

Ymax =
8F2

KM2
K

(

δMK
− 1

)

− 2F2
πM

2
π (r +1)2

(

δMπ − 1
)

M2
π (r +1)

(

2F2
K

(

δFK
− 1

)

− F2
π (r +1)

(

δFπ − 1
))

higher order remainders: δα
(6)
ππ = δβ

(6)
ππ = 0.0± 0.03 [8]

δ
(6)
Fπ

= δ
(6)
Mπ

= δ
(6)
MK

= 0.0± 0.1 [8]

δ
(6)
FK
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F) Extraction of low energy constant B0
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Theoretical predictions compared with data

blue: ensemble of theoretical predictions (1 and 2 sigma C.L.)

grey: Descotes et al. (2002) based on BNL-E865 data (Global fit)

red: our result based on NA48/2 data (2010)

Y (3) =
(M

(2)
π )2

M2
π

=
B0(mu +md)

M2
π
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PDF’s of results compared to the prior

Y (3) = 0.94± 0.32

B0 = 2.67± 0.91 GeV

Y (3) = 1.08± 0.27

B0 = 3.08± 0.77 GeV

Y (3) =
(M

(2)
π )2

M2
π

=
B0(mu +md)

M2
π
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Phenomenology:

Bijnens, Ecker ’14 Kolesár, Novotný ’17 Our result

main fit free fit η → 3π NA48/2 input

Y (3) 1.07 0.94 1.44±0.32 0.94±0.32

Lattice:

Bernard et al. ’12 Our result

MILC 09A RBC/UKQCD input ETM input

Y (3) 0.84±0.11 0.71±0.10 1.08±0.27



Summary
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• Using recent experimental and lattice QCD data on ππ scattering

lengths, we extracted the values of the coefficients b̄i and the

subthreshold parameters αππ, βππ and λi of the ππ scattering

amplitude.

• We excluded large values of b̄1 and αππ suggested by analysis based

on BNL-E865 data.

• Using the obtained values for αππ and βππ, we applied the Bayesian

statistical framework to extract the value of the leading order

3-flavour ChPT constant B0.

• The results confirm that the dominant contribution to the pion

mass is probably at the leading order.

• We plan to add more observables into the analysis in order to pin

down the value of B0 more precisely (e.g. from η → 3π).

Thank you for your attention!
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