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Subthreshold parameters: azx, Brrr \; (Knecht et al. 1995)

Apn(s, t,u) = 2‘;% 5” (3 _ 4M?2) + Fé (s 2M£)2 1
+ ;—; (t — 2Mz)? + (u — 2Mx)?] ;36 (s — 2M2) +
+ 25 (6= 2Mn)? + (u — 2Mx)%| + K (s, t,u) + O (p°)

K (s,t,u) - unitarity corrections
Good convergence expected in 3-flavour ChPT:

5()47(3) ~ O(mygms)

589 ~ O(mygms)
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Motivation:

Extraction by Descotes, Fuchs, Girlanda, Stern (2002)
— based on BNL-E865 data (2001)
— arr = 1.381 4+ 0.242 (Global fit)

3-flavour ChPT analysis by Descotes-Genon et al. (2004)
& v(3) = (M?)2/M2 ~ 0 (with large uncertainty)

2-flavour ChPT estimate by Colangelo, Gasser, Leutwyler (2001)

n — 37 analysis by Kolesar, Novotny (2017)
— Descotes et al. (2002) value in tension with n — 37 data

Newer data for wnw scattering lengths available:
— NA48/2 collaboration (2010) from Kgg + K—37 cusp
— lattice QCD: ETM (2015,17), RBC/UKQCD (2023), Mai et al. (2019)
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Phenomenological representation in terms of scattering lengths:
(Ananthanarayan et al. 2001)

(2(1,8 — 5&%) —I— P(S, t, U) _I_ W(Sa t) U’) _I_ O(p8)

47s

Arr(s,t,u) = 167m8 +
3M?2

P(s,t,u) - polynomial part; W (s,t,u) - unitarity corrections

b; representation:
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47s
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P(s,t,u) - polynomial part; W (s,t,u) - unitarity corrections

b; representation: (Bijnens et al. 1996)
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Arr(s, t,u) = F—:%T (s—1)+ F—; (bl + bos + bzs? + ba (t — u)z) +

Mb -

F(s,t,u) - unitarity corrections




Extraction of the coefficients of wm scattering amplitude

- input: scattering lengths from experimental data or lattice QCD

Outline of procedure:

a8 and a3 from exp./lattice data + solutions to Roy equations

1

phase shifts and imaginary parts of partial wave amplitudes

1

phenomenological representation

1
b;
1




Numerical solution for Roy equations
by Ananthanarayan, Colangelo, Gasser, Leutwyler (2001)
— used by CGL (2001), Descotes et al. (2002), NA48/2 (2010)

Schenk parametrization:
4 M2
tan((SlI) = \/1 — u
S
2

where X/ - second order polynomials in af, a3; ¢° = (s — 4M2)

o1 ( A1 12 I 4 [ a\ AMZ — st
0 (Al + B{¢® + Cla* + Dd*) —"—
— 5]

We were unable to reproduce uncertainties of coefficients I_)i
given in CGL (2001)!

Extended solution by Descotes et al. (2002)
- includes uncertainty of phase shifts at the matching point (800MeV)

Method - Monte Carlo sampling to numerically model the probability
distribution of the results based on all uncertainties in the inputs
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Experimental input from NA48/2 (model C) (2010):

a§ = 0.2196 4 0.0034

aj = —0.0444 + 0.236(a3 — 0.22) — 0.61(af — 0.22)?2
—9.9(af — 0.22)3 4+ 0.0008

Lattice QCD input from ETM (2015, 2017):
ad = 0.198 £ 0.011
a3 = —0.0442 + 0.0005

Results by Descotes et al. (2002):
- based on BNL-E865 data (Pislak et al. 2001)

Results by Colangelo, Gasser, Leutwyler (2001):
- SU(2) ChPT estimate




NA48/2 input | ETM input | Descotes et al. CGL
b1 -12.324+1.89 | -11.17+0.93 -1.514+7.01 -12.44+1.6
bo 11.244+0.67 7.07+2.08 8.93+1.62 11.84+0.6
b3 -0.2740.06 -0.35+0.07 -0.36+0.07 -0.33+0.07
b4 0.7340.01 0.6940.02 0.71+0.01 0.74+0.01
bs 3.65+0.41 2.89+0.49 3.214+0.44 3.58+0.37
be 2.31+0.03 2.1440.08 2.240.08 2.3540.02
Qi 1.054+0.071 | 0.8604+0.108 1.384+0.267 1.08+0.07
Brn 1.115+0.008 | 1.0514+0.032 1.0774+0.025 1.1240.01
Pos -0.17 0.94 -0.23

1073\, -3.58+0.65 -4.1940.66 -4.1840.63
103X, 9.22+0.12 8.71+0.25 8.96+0.12
10743 2.374+0.16 2.09+0.19 2.224+0.16
10~% )\, -1.4440.02 -1.35+0.04 -1.38+0.04

Our results in comparison with literature

_



e

NA48/2 input | ETM input | Descotes et al. CGL
b1 -12.324+1.89 | -11.17+0.93 -1.51+7.01 -12.44+1.6
bo 11.244+0.67 7.07+2.08 8.93+1.62 11.84+0.6
b3 -0.2740.06 -0.35+0.07 -0.36+0.07 -0.33+0.07
b4 0.7340.01 0.6940.02 0.71+0.01 0.74+0.01
bs 3.65+0.41 2.89+0.49 3.214+0.44 3.58+0.37
be 2.31+0.03 2.1440.08 2.240.08 2.3540.02
Qrr 1.054+0.071 | 0.860+0.108 || |1.384+£0.267| | 1.084+0.07
Brn 1.115+0.008 | 1.0514+0.032 1.0774+0.025 1.1240.01
Pos -0.17 0.94 -0.23

1073\, -3.58+0.65 -4.1940.66 -4.1840.63
103X, 9.22+0.12 8.71+0.25 8.96+0.12
10743 2.374+0.16 2.09+0.19 2.224+0.16
10~% )\, -1.4440.02 -1.35+0.04 -1.38+0.04

Our results in comparison with literature

— large values of 51 and arr excluded
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SU(3)r, x SU(3)g ChPT Lagrangian: (Gasser, Leutwyler 1985)
— ,(2) (4) (6)
Eeff — Eeff _I_ Eeff -I_ Leff + cee
2 = f Tr[DUDHUT + 2BoM(U + UM
where U = U(w K,n), M = diag(my,mg, ms)

Resummed approach to ChPT:

- standard xyPT Lagrangian and power counting
- irregularities in the expansion allowed

- only expansions related linearly to Green functions
of the QCD currents trusted (safe observables)

- explicitly to NLO, higher orders implicit in remainders
- remainders not neglected, treated as sources of error
- all manipulations in non-perturbative algebraic way



SU(3)r, x SU(3)g ChPT Lagrangian: (Gasser, Leutwyler 1985)

A2 | A4 | A6
Lepr = Lepy+ Loyt Ly T -

g; — f Tr[D UDFUT + 2BoM(U + U]

where U = U(w K,n), M = diag(my,mg, ms)

Resummed approach to ChPT: (Descotes-Genon et al. 2004)

standard yPT Lagrangian and power counting
irregularities in the expansion allowed

only expansions related linearly to Green functions
of the QCD currents trusted (safe observables)

explicitly to NLO, higher orders implicit in remainders
remainders not neglected, treated as sources of error
all manipulations in non-perturbative algebraic way



Subthreshold parameters in resummed ChPT:

oS = ann(Fo, Bo) = at? + ai¥ + 6%
S = Brn(Fo, Bo) = Y7 + 5% + 054
Treatment of low energy constants:
O(p?): left free in terms of By, Fy

O(p4): L; - reparametrized in terms of Fp, Mp chiral expansions

- algebraically, indirect remainders generated 5%?3), 5](\2
O(p%) and higher: C;'s etc. - implicit in remainders 5,g6>

— 11 free parameters: my, Bo, Fo, 6047, 685%, 61, 659, 61, 619

Extraction of By from subthreshold parameters:

arr(Fo, Bo) and Brx(Fp, Bo)
!
Bo



Subthreshold parameters in resummed ChPT:

(th) = arr(Fp, Bg) = oz7(r ) + 04(4) + 5a(6)
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arr(Fo, Bo) and Brx(Fp, Bo)
L
Bg
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Bayes’ theorem: P(datal BYP(B
(Bayes 1763) P(Bo|data) — ( | O) ( O)
[dBg P(data|Bg)P(Bg)

P(Bgl|data) - probability density of By being true given data

JC 1 {th) _ fexp)
P(data|Bg) = 5 &XP (—EVTCV) , V= a(th) B a(exp)

(C - covariance matrix)

P(Bg) - prior probability distribution of Bg
- theoretical assumptions explicit and under control

num.calculation — Monte Carlo sampling (2.5 X 107 predictions)




Assumptions:

My, Ms: lattice QCD values from FLAG  (Flavour Lattice Averaging Group 2024)

By, Fy. priors based on paramagnetic inequalities:

Fy < F(2), F8By=13p<x(2)

(M2 Bo(mu + my)
M2 M2

s

0<Y(3)<Ymax, Y3 =

8FZMZ (Sp, — 1) — 2F2M2 (r 4+ 1) (8py, — 1)
M2 (r+1) (2F2 (65, — 1) — F2(r +1) (65, — 1))

Ymax —

higher order remainders: 6047(33 — 567(39 = 0.0+ 0.03 [8]

(6) _ 5(6) _ <(6) _
5$8) = 0.1 £ 0.07
K
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Assumptions:

My, Ms: lattice QCD values from FLAG  (Flavour Lattice Averaging Group 2024)

Bg, Fy: priors based on paramagnetic inequalities: (Descotes et al. 2000)

Fy < F(2), FZBy=13Xg<X(2)

ME2NH2  Bo(mu + my)

O<Y(3)<Ymax, Y(3)= —
3) < Yiox, V(3) = i

8FZMZ (Spr, — 1) — 2F2M2 (r + 1)? (Sar, — 1)
M2 (r+1) (2F2 (35 — 1) = F2(r + 1) (05, — 1))

Ymax —

higher order remainders: 5047(32 = 557(&) = 0.0+ 0.03 [8]

6 =69 = 517) =0.0+0.1 [8]

6 =0.1+0.07 (Kolesar, Fina 2024)




T heoretical predictions compared with data
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grey: Descotes et al. (2002) based on BNL-E865 data (Global fit)
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PDF’s of results compared to the prior

NA48/2 (model C) ETM
0020 | 0020 |
0.015 0.015
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0.005 0.005 /
000 — 0.000— . S :
0-000) 5 05 10 15 20 25 00 05 10 15 20 2
Y %
Y (3) = 0.94 4+ 0.32 Y(3) = 1.08 + 0.27
Bo = 2.67 +0.91 GeV Bo = 3.084 0.77 GeV

_ ()2 _ Bo(mu + mq)

M2 M2




Phenomenology:.

Bijnens, Ecker '14 | Kolesar, Novotny '17 Our result
main fit | free fit n — 3w NA48/2 input

Y (3) 1.07 0.94 1.441-0.32 0.944+0.32

Lattice:

Bernard et al. '12 Our result
MILC 09A | RBC/UKQCD input | ETM input

Y(3) | 0.84+0.11 0.7140.10 1.0840.27




e Using recent experimental and lattice QCD data on ww scattering
lengths, we extracted the values of the coefficients b; and the
subthreshold parameters arr, Brx and A\; of the mxw scattering
amplitude.

e We excluded large values of b1 and axr suggested by analysis based
on BNL-E865 data.

e Using the obtained values for arr and Brr, we applied the Bayesian
statistical framework to extract the value of the leading order
3-flavour ChPT constant By.

e [ he results confirm that the dominant contribution to the pion
mass is probably at the leading order.

e \We plan to add more observables into the analysis in order to pin
down the value of By more precisely (e.g. from n — 37).
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Using recent experimental and lattice QCD data on nww scattering
lengths, we extracted the values of the coefficients b; and the
subthreshold parameters arr, Brx and A\; of the mxw scattering
amplitude.

We excluded large values of b1 and asr suggested by analysis based
on BNL-E865 data.

Using the obtained values for arr and B x, we applied the Bayesian
statistical framework to extract the value of the leading order
3-flavour ChPT constant By.

The results confirm that the dominant contribution to the pion
mass is probably at the leading order.

We plan to add more observables into the analysis in order to pin
down the value of By more precisely (e.g. from n — 3x).
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Thank you for your attention!




