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I. Introduction 



Hadron interactions in lattice QCD

Finite volume (FV) method

HAL QCD method

spectra of two hadrons 
in finite box

scattering phase shift

Luescher’s finite volume formula

NBS wave functions Potential 
(Interaction kernel)

scattering 
phase shift

Schrodinger equation

It is always better to have two “different” methods (“diversity”) for crosschecks.

NN controversy (more than 9 years ago)

FV spectra:  both deuteron and dineutron are bound at heavier pion masses.

Potential :  Two nucleons are unbound at heavier pion masses.



 NN controversy@ heavy pions  
Direct method vs HAL QCD potential method

Potential method (HAL):                         unbound 
Direct method (PACS-CS/NPL/CalLat):  bound

Direct method vs HAL method 
(NN @ heavy quark masses) 

HAL method (HAL) :                                                                 unbound 
Direct method (PACS-CS (Yamazaki et al.)/NPL/CalLat):    bound 

“di-neutron” “deuteron” 

NPL 

HAL 

PACS-CS 

CalLat 
NPL 
PACS-CS 

CalLat 

Direct 

Slide from S. Aoki @ 2019 Santa Fe workshop



Since then, there appeared more 
FV spectra from the community to 
resolve this issue.
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This seemingly simple problem has proved remarkably challenging to undertake
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Estimated upper range of 

validity of NN EFT

deuteron binding energy

NPLQCD  
[arXiv:2008.11160]

2011  NPLQCD            M𝜋 ≃ 390 MeV
2012  Yamazaki et al.   M𝜋 ≃ 510 MeV
2012  NPLQCD            M𝜋 ≃ 800 MeV
2015  Yamazaki et al.   M𝜋 ≃ 310 MeV
2015  CalLat                 M𝜋 ≃ 800 MeV + P,D,F waves
2015  NPLQCD            M𝜋 ≃ 450 MeV  
2020  NPLQCD            M𝜋 ≃ 450 MeV

2006  NPLQCD - first dynamical LQCD calculations of NN
LQCD Results with (deeply) bound di-nucleons

LQCD Results without bound di-nucleons (or inconclusive)
2012  HAL QCD            M𝜋 ≃ 710 MeV  
2012  HAL QCD            M𝜋 ≃ 469 — 1171 MeV
2019  “Mainz”                M𝜋 ≃ 960 MeV
2020  CoSMoN             M𝜋 ≃ 714 MeV
2021  NPLQCD             M𝜋 ≃ 800 MeV

(blue = work I was involved in)
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To simplify the problems - work at mu = md = ms ≈ mphys
s

<latexit sha1_base64="NGeq2nLhYCaumMSCMQ3ZccZEBwQ=">AAAB/3icbZC7TsMwFIZPyq2UW4GRxaJCYkBVgipgrGBhLBK9SG2oHMdprTpxajsVVdSBp2CFiQ2x8igMvAtu2gFajmTp0/+fo3P8ezFnStv2l5VbWV1b38hvFra2d3b3ivsHDSUSSWidCC5ky8OKchbRumaa01YsKQ49Tpve4GbqN0dUKiaiez2OqRviXsQCRrA2kksfUjbsEF9o9DjpFkt22c4KLYMzhxLMq9Ytfnd8QZKQRppwrFTbsWPtplhqRjidFDqJojEmA9yjbYMRDqk680csVhm6aXb/BJ0Y00eBkOZFGmXq7+EUh0qNQ890hlj31aI3Ff/z2okOrtyURXGiaURmi4KEIy3QNAzkM0mJ5mMDmEhmzkakjyUm2kRWMHk4i79fhsZ52bkoV+4qper1PJk8HMExnIIDl1CFW6hBHQgM4Rle4NV6st6sd+tj1pqz5jOH8Keszx/zGpbg</latexit>

eiq·x

<latexit sha1_base64="T2AwfLyJYcwTayV+3TCxR98OjZM=">AAACBXicbZC7TsMwFIYdrqXcUhhZLCqkIkGVoAoYK1gYi0QvUhsqx3Faq04cbKcoijrzFKwwsSFWnoOBd8FNM0DLL1n6dP5zdHx+N2JUKsv6MpaWV1bX1gsbxc2t7Z1ds7TXkjwWmDQxZ1x0XCQJoyFpKqoY6USCoMBlpO2Orqd+e0yEpDy8U0lEnAANQupTjJQu9c0SuU9ppXH6cNzDHlcwmfTNslW1MsFFsHMog1yNvvnd8ziOAxIqzJCUXduKlJMioShmZFLsxZJECI/QgHQ1higg8sQb00hm6KTZFRN4pE0P+lzoFyqYVX8PpyiQMglc3RkgNZTz3rT4n9eNlX/ppDSMYkVCPFvkxwwqDqeRQI8KghVLNCAsqP42xEMkEFY6uKLOw56/fhFaZ1X7vFq7rZXrV3kyBXAADkEF2OAC1MENaIAmwOARPIMX8Go8GW/Gu/Exa10y8pl98EfG5w9SwJgI</latexit>

ei(P�q)·y

NPLQCD,  
Yamazaki et al.,  
CalLat (2015)

Compact, hexa-quark 
creation operator

HAL QCD Potential

diffuse - wall source
momentum-space 
creation & annihilation
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eiq·x
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ei(P�q)·y
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e�i(P�p)·yi
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e�ip·xi

positive-definite correlation matrix

“Mainz”   (Distillation) 
CoSMoN (stochastic LapH 
NPLQCD (sparsened momentum)

Deep bound di-nucleons no bound state no bound state

Walker-loud@lat2023
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!

<latexit sha1_base64="W6+rv56qXICWpM8I8uJUpDxbgzA=">AAACGnicbZC7TsMwFIadcg+3AiOLRQVigCpBCBgRLIwg0YvURJXjOMXCiV37BKmK+gY8Ak/BChMbYmVh4F1wLwO0/JKlT+c/R8fnj5TgBjzvyynNzM7NLywuucsrq2vr5Y3NupG5pqxGpZC6GRHDBM9YDTgI1lSakTQSrBHdXw78xgPThsvsFnqKhSnpZDzhlIAttct7tzhQWiqQbpBoQgu/X3RxQCXgIGYCCD7kuNtvlyte1RsKT4M/hgoa67pd/g5iSfOUZUAFMablewrCgmjgVLC+G+SGKULvSYe1LGYkZeYgfuDKDDEshqf18a41Y5xIbV8GeFj9PVyQ1JheGtnOlMCdmfQGxf+8Vg7JWVjwTOXAMjpalOQCg8SDnHDMNaMgehYI1dx+G9M7YhMCm6Zr8/Anr5+G+lHVP6ke3xxXzi/GySyibbSD9pGPTtE5ukLXqIYoekTP6AW9Ok/Om/PufIxaS854Zgv9kfP5AwM+oG8=</latexit>

T / 1

q cot � � iq

Scattering Theory Refresher

HAL Q
CD

NPLQCD

Lüscher
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q2/m2
⇡
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co
t
�/
m

⇡
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m⇡ ⇡ 715� 800 MeV

Two nucleons are unbound at heavy pion masses.

Extraction of the FV energy is 
a source of this discrepancy.

update: Matthur@Lat2024, Morningstar’s talk, Green’s talk Nicholson @Lat2022

Old FV results

New FV results

c.f. A combination of the finite volume formula and the ERE(  ) for a bound state was 
first introduced as “Sanity Check” to this problem.

k cot δ

Iritani et al., PRD96(2017)034521.

Walker-loud@Lat2023: “I believe the old results are wrong (including those I was involved with)



Could (chiral) effective theories invalidate old finite volume data ?

Unfortunately, the answer seems “No”.

Beane@CD15pionless EFT ChPT Baru@CD15

Implications of LETs for lattice QCD

0

5

10

15

20

25 Bd [MeV]

0

0.1

0.2

0.3

0.4

0.5 �d/M⇡

0

2

4

6

8

10

a/r

-0.5

0

0.5

1

1.5

2

2.5

0 0.2 0.4 0.6 0.8

M⇡ [GeV]

M3
⇡v2

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8

M⇡ [GeV]

M5
⇡v3

-2

-1

0

1

0 0.2 0.4 0.6 0.8

M⇡ [GeV]

M7
⇡v4

Yamazaki et al.
NPLQCD

NPLQCD, prelim.

3

⇒   trend of the binding energy is nicely described

●  Consistency checks of lattice results if several ERE parameters are extracted!

   � NPLQCD  extracted Bd  and 𝘳  for mπ ≃ 800 MeV  (Beane et al.  PRC88 (2013))

M⇡r ⇠= A(3S1) +B(3S1)M⇡, where A(3S1) = 0.726+0.065
�0.059

+0.072
�0.059 , B(3S1) = 3.70+0.42

�0.47
+0.42
�0.52 GeV�1 ,

Assuming this behavior ⇒ fix short-range interaction C0 at LO ⇒ predict coeffs. in ERE

� It was conjectured that see Talk by Silas Beane on Tuesday

physical pion mass

Implications of LETs for lattice QCD
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⇒   trend of the binding energy is nicely described

●  Consistency checks of lattice results if several ERE parameters are extracted!

   � NPLQCD  extracted Bd  and 𝘳  for mπ ≃ 800 MeV  (Beane et al.  PRC88 (2013))

M⇡r ⇠= A(3S1) +B(3S1)M⇡, where A(3S1) = 0.726+0.065
�0.059

+0.072
�0.059 , B(3S1) = 3.70+0.42

�0.47
+0.42
�0.52 GeV�1 ,

Assuming this behavior ⇒ fix short-range interaction C0 at LO ⇒ predict coeffs. in ERE

� It was conjectured that see Talk by Silas Beane on Tuesday

physical pion mass

binding energy binding momentum

The chiral EFTs and old lattice data seemed consistent if EFT parameters were 
fixed by the same lattice data. 

It is hard for EFTs to tell  whether lattice data are correct or not. 
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ΛΛ − NΞ

NΩ

Tcc

N − ϕ

Contents

In this talk, I will review recent results on interactions between two hadrons at 
almost physical pion mass, obtained exclusively by the HAL QCD method, 
stressing connections with chiral dynamics or experiments.   



Gauge configurations at (almost) physical point

2+1 flavor gauge configuration on  lattice  
with Iwasaki gauge + NP  improved clover quark 

 (almost physical point) 

964

O(a)

a ≃ 0.0846 fm, mπ ≃ 146 MeV, mK ≃ 525 MeV

La ≃ 8.1 fm

Ishikawa et al. (PACS), PoS Lattice2015(2016) 075.

generated by K-computer, 

previous supercomputer in 

Japan.

All results in this talk have been obtained on this ensemble.



II.  interactionsΛΛ − NΞ



1.  interactionsΛΛ − NΞ

u d s

U d s

The bound H-dibaryon appears in the flavor SU(3) limit.
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Binding energy vs. size

(a) Binding energy decreases at lighter  .Mps

(b) Size of bound state increases at lighter  .Mps



SU(3) limit
Real world

ΛΛ − NΞ − ΣΣ

H

2386 MeV

30-40 MeV

ΣΣ

NΞ

ΛΛ

2257 MeV

2232 MeV

25 MeV

129 MeV

H ?

H ?

H ?

u d s

U d s

What happen in the real world ?

We consider  coupled channel interaction as  threshold is much higher.ΛΛ − NΞ ΣΣ

pion mass becomes lighter
there is flavor SU(3) breaking



 coupled channel potentialΛΛ − NΞ

 ΛΛ ← NΞ

 NΞ ← NΞ

 ΛΛ ← ΛΛ

 NΞ ← ΛΛ

<latexit sha1_base64="vbzjtvyoC1WvM1C1quxK1TtfzB4="></latexit>

2I+1,2s+1SJ

K. Sasaki et al. [HAL QCD]　NPA 998 (2020) 121737.



scattering phase shifts

 ΛΛ  NΞ

(a) No bound state/resonance in . ΛΛ
weak attraction in  potential ΛΛ

(b) No H dibaryon near  threshold. ΛΛ

(c) Sharpe enhancement and rapid drop 
near  threshold. NΞ

(d) Sharpe increase near  threshold. NΞ

off-diagonal  potential ΛΛ → NΞ

significant  attractionNΞ

(e) H appears as a virtual state of  
at almost physical point.

NΞ
<latexit sha1_base64="jt6FH6GpFOkA3rVIOSk8f3iEgZs="></latexit>

a⇤⇤
0 = 0.8(3) fm



<latexit sha1_base64="vbzjtvyoC1WvM1C1quxK1TtfzB4="></latexit>

2I+1,2s+1SJ

 31S0

 13S1

 33S1

weakly repulsive

weakly attractive

weakly attractive

K. Sasaki et al. [HAL QCD]　NPA 998 (2020) 121737.

scattering phase shifts for other channelsΛΛ − NΞ



2. Comparison with experiments
Measurements of two-baryon correlation have been made at (RHIC &) LHC

ALICE Coll., PRL123(2019)112002; PLB797(2019)134622.Femtoscopy

!21

Measurement of two-baryon correlation at RHIC  & LHC

N

Ξ

N

π

K
π

π

π
K

Ω

π
Λ

π

Ω

p1

p2

two-baryon interaction ⇔ two-baryon correlation

STAR Coll., Phys. Lett. B790 (2019) 490   “NΩ correlation in Au+Au” 
ALICE Coll., arXiv:1905.07209                   “ΛΛ correlation in p+p, p+Pb” 
ALICE Coll., arXiv:1904.12198                   “NXi correlation in p+p, p+Pb”

K. Morita et al., PRC94(2016)031901 “NΩ correlation from HAL pot” 
K. Morita et al., NPA967(2017)856 “NXi correlation from HAL pot.” 
K. Morita et al., arXiv:1908.05414 “NΩ & ΩΩ correlations from HAL pot.”

K. Morita et al., NPA967(2017) 586.

two-baryon interaction two-baryon correlation



NAB(Q) =

Z
d3pA
EA

d3pB
EB

NAB(pA,pB)�(Q�
p

�q2)

source 2-body wave function 
from  

the interaction potential

distribution of hadron pairs

If the source is approximately known,  
one can test hadron interactions using the above formula.

NAB(pA,pB) '
Z

d4xd4ySA(x,pA)SB(y,pB)| (x, y,pA,pB)|2

<latexit sha1_base64="CKnddZULYkZCGl0S/NjTIfWBXHw="></latexit>

CAB(Q) =
NAB(Q)

NA(Q)NB(Q)

<latexit sha1_base64="9EoU8DxsjpSLJtdSI7if7pGSG+0="></latexit>

NA(Q), NB(Q) distribution of each hadron
<latexit sha1_base64="uZxOPdjk5FvHZAmGoNTA1zKokeg="></latexit>

NAB(Q)

theory



A comparison with data

Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be explained by Coulomb interaction alone. p − Ξ−

(b) Data are consistent with Coulomb + HAL QCD potential.

A comparison between experiment and theory

0 100 200 300

1

1.5

2

2.5

3

3.5
*)k(

C

 dataALICE

Coulomb 

 HAL QCD−Ξ −Coulomb + p

 HAL QCD elastic−Ω −Coulomb + p

 HAL QCD elastic + inelastic−Ω −Coulomb + p

 dataALICE

Coulomb 

 HAL QCD−Ξ −Coulomb + p

 HAL QCD elastic−Ω −Coulomb + p

 HAL QCD elastic + inelastic−Ω −Coulomb + p

a
−Ξ −p

0 100 200 300
)c* (MeV/k

1

2

3

4

5

6

7

*)k(
C

100 200
)c* (MeV/k 

0.8

1

1.2

*)k(
C 

b
−Ω −p

Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be 
explained by Coulomb interaction alone. 

p − Ξ−

(b) Data are consistent with Coulomb + 
HAL QCD* potential.

(c) A similar comparison has been 
made for  data.p − Ω−

* Hadrons to Atomic nuclei from Lattice 
QCD (Our collaboration)

<latexit sha1_base64="VZ1xc/6xKnHfpkEOkWGEv+couzQ="></latexit>

k⇤ (MeV/c)100 200 300



III.  DibaryonNΩ

T. Iritani et al.[HAL QCD],  PLB 792 (2019) 284.



N⌦ potential in 5S2 channel
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• attractive potential 

without repulsive core 
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qualitatively the same at mpi = 875 MeV

Etminan for HAL QCD Coll. ‘14

B.E. = 18.9(5.0)(+12.1)(-1.8) MeV  18

* we obtain an attractive 
potential without repulsive core

* attraction is long range 

qualitatively the same at m⇡ ' 875 MeV -800
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NΩ potential in 5S2 channel
• attractive potential  

without repulsive core 
• long range attraction

qualitatively the same at mpi = 875 MeV

Etminan for HAL QCD Coll. ‘14

B.E. = 18.9(5.0)(+12.1)(-1.8) MeV  18

Etminan et al., NPA928(2014)89

S=2, J=2



Remark

2676 

m⇡ = 146 MeV m⇡ = 875 MeV

3911

3702

L = 1

3920

L = 1.9 fmL = 1

3708

3926

L = 8.1 fm

2495 

2577 2514

2595

* Only single channel analysis is made.  
* We assume small couplings to D-waves, supported by weak t-dep. 
*  We need coupled channel analysis in the future

pmin = 645 MeVpmin = 153 MeV

N⌦(5S2)

⇤⌅(3,1D2)

⌃⌅(3,1D2)



Phase shift and binding energy
Scattering Phase Shift of NΩ(5S2)

new “dibaryon” state

 19

•n+p → deuteron
•Ω+Ω → di-Omega
•N+Ω → ???

Gongyo for HAL QCD Coll. PRL120,212001(2018) 

<latexit sha1_base64="kXLRxld7GSnv+caP5LJzKYeZdQg="></latexit>

using Gauss + Form Factor * Yukawa2 -type form
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Effective Range Expansion

<latexit sha1_base64="nT3vUEqUwNGMWclMuVo0semhbN8="></latexit>

QCD + Coulomb Potential

 21

+
pΩ: “attractive”

enhancement of B.E.
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Coulomb potential

ERE param.
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New dibaryon resonance ?

p⌦

n⌦



ALICE collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can 
not be explained by 
Coulomb interaction alone.

p − Ω−

A comparison with experiments
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Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be 
explained by Coulomb interaction alone. 

p − Ξ−

(b) Data are consistent with Coulomb + 
HAL QCD potential.

(c) A similar comparison has been 
made for  data.p − Ω−

Femtoscopy

A comparison with experiments
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Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be 
explained by Coulomb interaction alone. 

p − Ξ−

(b) Data are consistent with Coulomb + 
HAL QCD potential.

(c) A similar comparison has been 
made for  data.p − Ω−

A comparison with experiments
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Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be 
explained by Coulomb interaction alone. 

p − Ξ−

(b) Data are consistent with Coulomb + 
HAL QCD potential.

(c) A similar comparison has been 
made for  data.p − Ω−

(b) Data are better 
explained by Coulomb + 
HAL QCD elastic interaction.

(c) Slight deviations are 
observed around 100 MeV.



IV. Tetra quark state Tcc

Y. Lyu et al.[HAL QCD],  PRL 131 (2023) 161901.



Heavy tetra-quark states Tcc
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q̄ : light anti-quark
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Tcc(ccūd̄) observation by LHCb.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

genuine tetra-quark states

Aaij et al. (LHCb Collaboration),  
Nature Phys. (2022)
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q̄
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q̄
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360 keV below  thresholdD*+D0
D*+D0
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(I, JP ) = (0, 1+)



(Latest) Lattice QCD results

inverse scattering length

Ikeda et al. (HALQCD)
Chen et al. (FV)

Padmanath et al. (FV)

LHCb

Lyu et al. (HALQCD)

Lyu et al. (HALQCD)

significant pion mass dependence



Nature
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D⇡D(L = 96)

Lyu et al. 
(HALQCD)
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D⇤D potential Effective energy in space
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consistent with Yukawa2 at large r
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 PotentialsD*D
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m⇡ ' 146 MeV

attractive at all distances with long range tail
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2m⇡
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Ee↵(r) = � ln[�V (r)r2/a3]

r

2-pion rather than 1-pion exchange dominates at long distance. 

Caution: 1-pion exchange is NOT a dominant contribution for  .Tcc



Scattering phase shift
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k cot �0(k)
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m⇡ ' 146 MeV

one shallow “virtual” state
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-0.02

The virtual pole appears above 
the left-hand cut (LHC) in this 
lattice setup.

Du et al.  PRL 131 (2023) 131903.

Collins et al.  PRD 109 (2024) 094509.
Meng et al.  PRD 109 (2024) L071506.

Issue on the LHC Aoki @ Lat2024

See also



2-Gauss + Yukawa^2

“chiral” correction to the potential
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1
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1
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re↵k

2 +O(k4)ERE
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and are given in the 2nd column of Table I. The central
values and the statistical errors in the first parentheses
are obtained at t/a = 22 with V B

fit , while the systematic
errors in the second parentheses are obtained by compar-
ing results from di↵erent t/a = 21� 23 with V A,B

fit .

The scattering length obtained in this way is shown
by the magenta circle in Fig. 1 together with the previ-
ous lattice results and the LHCb experimental data. As
mentioned in the Introduction, there is a clear tendency
that 1/a0 from lattice data approaches to the unitary
regime (1/a0 ⇠ 0) as the pion mass decreases. Also,
our result at m⇡ = 146.4 MeV produces a virtual state,
which implies that a marginal modification of the in-
teraction (e.g. by reducing the quark mass) may bring
such a near-threshold virtual state to a loosely bound
state. An typical example of virtual/bound state sen-
sitive to the quark mass is dineutron/deuteron in nu-
clear physics [54–56]. A bound (virtual) state is char-
acterized by a pole of the scattering amplitude f(k)
on the positive (negative) side of the imaginary axis at
k = ipole. Since f�1(k) is proportional to k cot �0, vir-
tual and bound poles near threshold can be inferred from
the intersection between 1

a0
+ 1

2re↵k
2 and ±

p
�k2. As

shown in Fig. 3, we indeed find a near-threshold virtual
state pole. The actual value of the pole position in the
complex k-plane for the present pion mass is shown in
the 2nd column of Table I, together with the pole energy,

Epole =
q
m2

D⇤ � 2
pole +

q
m2

D � 2
pole � (mD⇤ + mD).

The e↵ect on Epole from slightly unphysical charm quark
mass is found to be about �30 keV.

To estimate how the scattering parameters change and
the pole evolves towards the physical point, we modify
the potential by taking m⇡ = 135.0 MeV (⇠ the physi-
cal pion mass without the QED contribution [57]) with
the other parameters (a1,2,3, b1,2,3) of V B

fit at t/a = 22
kept fixed. Using such a potential together with phys-
ical mD⇤+,D0 [58] we find a loosely bound state with
the scattering parameters and pole positions given in
the 3rd column of Table I. This indicates the existence
of a bound T+

cc at physical point, though there is still

TABLE I. Results for 1/a0, the e↵ective range re↵ , the
pole position pole, and Epole. Numbers in the 2nd col-
umn with statistical error (first parenthesis) and systematic
error (second parenthesis) are obtained from V A,B

fit (r) with
t/a = 21� 23 at m⇡ = 146.4 MeV. The 3rd column shows es-
timated values from V B

fit (r;m⇡) with t/a = 22 andm⇡ = 135.0
MeV. The asymmetric statistical error for Epole is due to its
non-normal distribution (see Fig. S4 in [32]).

m⇡ [MeV] 146.4 135.0
1/a0 [fm�1] 0.05(5)

�
+2
�2

�
�0.03(4)

re↵ [fm] 1.12(3)
�
+3
�8

�
1.12(3)

pole [MeV] �8(8)
�
+3
�5

�
+5(8)

Epole [keV] �59
�
+53
�99

� �
+2
�67

�
�45

�
+41
�78

�

a quantitative di↵erence from the experimental value
Epole = �360(40)

�
+4
�0

�
keV reported by LHCb [10].

Since the above estimate do not account for the isospin-
breaking e↵ect nor the open three-body-channel e↵ect,
future works should directly perform (1 + 1 + 1)-flavor
or (1+ 1+ 1+ 1)-flavor lattice QCD + QED simulations
with physical quark masses and the three-body channels
(D0D0⇡+ and D0D+⇡0) considered.

Let us make an alternative estimate of a0 at the physi-
cal point by taking the present and previous lattice data
shown in Fig. 1 (note that these data are from di↵erent
calculations and possess di↵erent lattice systematics): By
using the simplest fit function 1/a0(m⇡) = c + dm2

⇡, we
find 1/a0 = �0.01(9) fm�1 form⇡ = 135.0 MeV (Fig. S5
in [32]). This result is consistent with 1/a0 = �0.03(4)
fm�1 obtained by V B

fit with the same pion mass in Table
I, supporting the validity of our modification procedure
for V B

fit .

FIG. 4. The D0D0⇡+ mass spectrum. Theoretical results
with V B

fit (r;m⇡) for m⇡ = 146.4 MeV (m⇡ = 135.0 MeV)
is shown by the black (red) band. The black points are
LHCb data [10]. The inset shows diagrams contributing to
the D0D0⇡+ mass spectrum, where the black filled circle,
blue cross circle, green filled circle, and red square denote
production amplitude U , constant vertex P , D⇤+ ! D0⇡+

vertex, and scattering T matrix, respectively.

D0D0⇡+
mass spectrum.� In order to make a further

connection to the LHCb experimental data, let us now
construct D0D0⇡+ mass spectrum based on the above
interaction by considering the rescattering between D⇤+

and D0 along the line with Refs. [18, 59]. Within a sin-
gle channel framework, we first construct a production
amplitude U(M,p) for D⇤+D0 pair with invariant mass
M and relative momentum p in the I = 0 and S-wave
channel generated from a constant vertex P . Then the
amplitude consisting of a direct production process and a

one shallow “bound” state appears at “physical” pion mass
<latexit sha1_base64="uphHLMryZ9Z42qgaJMBIuyRQobw="></latexit>

Epole = �45
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+41
�78

�
keV
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m⇡ : 146.4MeV ! 135MeV



LHCb

<latexit sha1_base64="C1Jg4lyNUuj/vycnTl1ToCzUxdc="></latexit>

1

a0
[fm�1] = �0.01(9) extrapolation in 1/a0

extrapolation in potential
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1

a0
[fm�1] = �0.03(4)

chiral extrapolation of  linear in 1/a0 m2
π

Two chiral “extrapolations” are consistent.
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Our potential at “physical” pion mass explains LHCb data better.



V.  interaction and 2-pion tail N − ϕ

Y. Lyu et al.[HAL QCD],  PRD 106 (2022) 074507.

E. Chizzali et al.,  arXiv:2212.12690.
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m⇡ ' 146 MeV, mK ' 525 MeV, m� ' 1048 MeV
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mN ' 954 MeV, m⇤ ' 1140 MeV, m⌃ ' 1222 MeV
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1957

kinematically suppressed at low energy 
due to D-wave nature

suppressed due to the small 
phase space



 PotentialsNϕ

attractive at all distances

Effective energy in space
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Ee↵(r) = � ln[�V (r)r2/a3]

r
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2m⇡
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consistent withYukawa2 at large r
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TPE (two pion exchange) seems universal !?



Scattering phase shift
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a(3/2)0 = 1.43(23)
�
+36
�06

�
fm

<latexit sha1_base64="yuBwsdn343i/vfIDj1oHahAHTRQ="></latexit>

a(3/2)0 ' 1.25(23) fm
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m⇡ = 146.4MeV
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m⇡ = 138.0MeV



Lattice data + correlation@LHC
E. Chizzali et al.,  arXiv:2212.12690.
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Lattice N�(4S3/2) potential
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Potential for N�(2S1/2)
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experimental data of N�(4S3/2) and N�(2S1/2)

2nd order K exchange 2 parameters β, γ
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4⇡r2V (r)

<latexit sha1_base64="nt2PlhNFiBUcNLLfoiZneS9LmoU="></latexit>

VN�(r;
4S3/2)

Lattice
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ReVN�(r;
2S1/2) extracted
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ImVN�(r;
2S1/2) extracted

The attraction at short distances in  (from correlation) is stronger than 

in  (lattice).

2S1/2

4S3/2



From the potential in  , one obtain2S1/2
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One  bound stateNϕ

Estimated binding energy
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EB = 14.7 ⇠ 56.6MeV

A direct lattice calculation of the potential in  is called for.2S1/2

A coupled channel analysis among ,  and  in  is necessary.Nϕ ΣK ΛK 2S1/2



VI. Summary



• No deeply bound deuteron/dineutron at heavy pions. A cross-check by the 
FV method and the HAL QCD method is crucial. The community could be 
mislead if the HAL QCD method were absent. (“Diversity” is important.) 

• H-dibaryon seems a virtual state near the  threshold in real-world. 

• Lattice  interactions are compared with LHC data. 

•  dibaryon is predicted at physical point and  interactions is 
compared with LHC data. 

• Tetra quark  and  interaction are investigated. Both show a 2-pion 
exchange tail at long distance. Results are compared with experiments.  

• (challenge) Local potential have problem for channels including quark 
annihilations. A use of separable potentials ?

NΞ

NΞ

NΩ p+Ω−
sss

Tcc N − ϕ

More results at physical point will be expected. Stay tuned.

Thank you for your attention !

Meng@hadron2023, Murakami@Lat2024


