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2Scale symmetry breaking in QCD

x

Classical QCD scale invariant (m = 0)

Space-time dilatation

Conserved current Jμ = Tμνxν ∂μJμ = Tμ
μ = 𝒪(m)

Tμν = − FμλF ν
λ + 1

4 gμνF2 + ψ̄γ{μi ∇ν}ψ EM tensor

,xμ → λxμ Aμ → λ−1Aμ

Scale invariance broken by quantum fluctuations

UV cutoff provides mass scale

Tμ
μ =

β(g)
4g4

F2 + mψ̄ ψ Trace anomaly

Operator relation  hadronic matrix elements→

Hadron mass arises from gluon fields and quark scalar density

k

mass scale

UV cutoff

}
b

32π2
+ 𝒪(g2) b = 11

3 Nc−
2
3 Nf

Crewther 72; Chanowitz, Ellis 72; Nielsen 77; Adler, 
Collins, Duncan 77; Collins, Duncan, Joglekar 77



3Pion matrix element

⟨π(p′￼) |Tμν |π(p)⟩ = 2PμPνA(t) + 1
2 (ΔμΔν − Δ2gμν)D(t) from relativistic covariance,  

EMT conservation ∂μTμν = 0

A(0) = 1 from energy densityT00 =

⟨π(p) |Tμ
μ |π(p)⟩ = 2M2

π forward matrix element of EMT trace

Pion mass decomposition

−
b

32π2

⟨π |F2 |π⟩
2Mπ

+
⟨π |mψ̄ ψ |π⟩

2Mπ
= Mπ

Pion mass arises from gluon fields and scalar quark density

 “knows about” QCD beta function⟨π |F2 |π⟩
 vanishes in chiral limit⟨π |F2 |π⟩

Remarkable properties:

} How does this happen dynamically?

P = (p′￼+ p)/2, Δ = p′￼− p



4Instanton vacuum: Physical picture

Typical size 0.3 fm,  separation 1 fmρ̄ ≈ R̄ ≈

Instantons: Classical solutions of YM equations,  
self-dual fields , localizedF̃ = ± F

Strong fields: , 
can be described semiclassically

(F2)1/2 ≈ (32π2/π2ρ̄4)1/2 ∼ 2 GeV2

LR

L L

R

... ...

R

RL
pert

QCD vacuum populated by topological gauge fields: 
Tunneling trajectories, top. charge ±1

Induce zero mode of fermion field  iγ∇±Φ± = 0
Definite chirality  γ5Φ± = ± Φ±

→ Chiral symmetry breaking in QCD

LQCD cooling: Polikarpov, Veselov 1988; Campostrini et al. 1990; Chu, Negele et al 1993; DeGrand et al 1997;  
de Forcrand et al 1997, …, Athenodorou et al 2018

Correlation functions: Shuryak 1982; Diakonov, Petrov 1984; Shuryak, Schafer 1993, …

Leinweber 2000



5Instanton vacuum: Approximate realization

Separation of modes

:k > ρ̄−1 Integrate perturbatively:  
Renormalization, ρ̄−2 ≫ Λ2

QCD

:k < ρ̄−1 Integrate nonperturbatively:  
Instantons + massive fermions

Instanton ensemble

A(x) = ∑
I

AI(x |zI, ρI, OI) + ∑̄
I

AĪ( . . ) gauge potential  
classical top. fields

→

∫ [DA] → ∫ ∏
I,Ī

dzI dρI dOI d0(ρI)

Nonperturbative:
Instantons, ChSB

Perturbative

k

l< 0.6 GeV~<1

l

R

4V Euclidean

~ 0.3 fm

~ 1 fm<

<

functional integral  
collective coordinates

→

Stable system emerges due to instanton interactions
Implementations: Variational principle Diakonov, Petrov 1984; numerical simulations Shuryak 1988+

Small parameter: Packing fraction  0.1π2ρ̄4/R̄4 ≈

All dynamical scales “emerge” from  via instanton densityΛQCD
Preserves renormalization properties of QCD



6Instanton vacuum: Trace anomaly

∑
N

P(N ) ⟨ . . . ⟩
N

Instanton number fluctuates: Grand canonical ensemble

P(N ) = ( N
N̄ )

− bN
4

e
bN
4

Instanton number distribution obtained from renormalization 
properties of gluodynamics  dZren /d(1/g2)

(N − N̄ )2

N̄
=

4
b

Variance of instanton number fluctuations controlled by QCD  
beta function. “Vacuum compressibility”

fluctN/V

Trace anomaly encoded in instanton number fluctuations

Fluctuations suppressed in :  1/Nc
Instanton density N/V ∼ Nc
Variance of fluctuations 1/b ∼ 1/Nc

Diakonov, Polyakov, CW 96



7Results: Pion mass decomposition

−
b

32π2

⟨π |F2 |π⟩
2Mπ

=
Mπ

2 [1 + 𝒪(m)]

⟨π |F2 |π⟩
⟨π |π⟩

= lim
T→∞

⟨Jπ(T ) F2(0) Jπ(−T )⟩𝖼𝗈𝗇𝗇

⟨Jπ(T ) Jπ(−T )⟩

= lim
T→∞

32π2

2V3T
(N − N̄ )2

N̄

N
d

dN
⟨Jπ(T ) Jπ(−T )⟩N

⟨Jπ(T ) Jπ(−T )⟩N

N=N̄

}

4/b

Mπ = function(N/V, m) ∝ m1/2 ( N
V )

1/8

[1 + 𝒪(m)]

Correlation function

Connected part given by 
fluctuations of instanton density

Pion mass as function of instanton 
density (and quark mass)

Trace anomaly contributes half of pion mass!

Pion decouples from vacuum gluon condensate , couples only to fluctuations ⟨F2⟩ ∼ N̄ (N − N̄ )2

Pion expectation value : Reduction of gluon field compared to vacuum⟨π |F2 |π⟩ < 0

Liu, Shuryak, CW, Zahed, arXiv:2405.14026



8Results: Pion mass decomposition

⟨π |mψ̄ ψ |π⟩
2Mπ

= m
dEπ

dm
=

Mπ

2
Quark contribution to pion mass  
from Feynman-Hellman theorem. 
Instanton result agrees with ChEFT

Pion mass arises half from gluon trace anomaly, half from quark mass

⟨π |Tμ
μ |π⟩

2Mπ
=

Mπ

2
𝗀𝗅𝗎𝗈𝗇

+
Mπ

2
𝗊𝗎𝖺𝗋𝗄

Pion mass decomposition, 
up to chiral corrections 𝒪(m)

Instanton vacuum provides dynamical realization and interpretation: 
All scales from instanton density ; trace anomaly from fluctuationsN/V



9Results: Pion gravitational form factors

Instanton vacuum permits calculation of  
hadronic matrix elements of gluon operators

..

... ...

eff

QCD op.

Liu, Shuryak, CW, Zahed, arXiv:2405.14026

QCD gluon operator evaluated in classical 
gauge field of instantons, coupled to quarks 
through zero modes: Effective quark operator

Systematic expansion in packing fraction

Twist-2 gluons ∼ (ρ/R)4 suppressed

Twist-4 gluons ∼ (ρ/R)0 leading

Example: Pion scalar gluon form factor Gπ(Q2)

Momentum transfer Q2 ∼ ρ−2

Good agreement with LQCD results
χQCD Collab: B. Wang et al., Phys.Rev.D 109 (2024) 094504

Diakonov, Polyakov, CW 1996



10Instanton vacuum: Further applications

Nucleon matrix elements

Large-  limit: Mean-field solution, classical chiral field (“soliton”)Nc

Extensive work on form factors, partonic structure, energy-momentum tensor

Generalized parton distributions

Large instanton effects in nonforward twist-3 quark-gluon matrix elements, spin-orbit correlations

Spin structure functions

Higher-twist quark-gluon correlations from instantons

BSM physics

Hadronic matrix elements of higher-dimensional quark/gluon operators describing BSM processes

Example: Neutron EDM from CP violation by dimension-6 Weinberg operator FFF̃

J.-Y. Kim, Weiss, PLB 848, 138387 (2024); J.-Y. Kim, H.-Y. Won, H.-Ch. Kim, Weiss, arXiv:2403.07186

Balla, Polyakov, Weiss 1998

Diakonov, Petrov, Pobylitsa 88

Bochum group 1990’s - 2000’s

Weiss, Phys.Lett.B 819 (2021) 136447



11Summary

• Instanton vacuum describes chiral symmetry breaking by topological gauge fields:  
Packing fraction as small parameter, all scales generated dynamically from  ΛQCD

• Trace anomaly encoded in instanton number fluctuations with variance 1/b

• Predictions for pion gluonic form factors at  in good agreement with LQCDQ2 > 0

• Many applications to pion/nucleon gluonic structure, quark-gluon correlations

Beyond topological gauge fields: Include incomplete tunneling trajectories (“  molecules”),  
important for Wilson loops, coupling to heavy quarks, twist-2 gluon operators

IĪ

Shuryak, Zahed 2023

• Trace anomaly accounts for half of pion mass, sigma term for other half

• Pion couples to instanton number fluctuations as Goldstone mode, decouples in chiral limit


