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Motivation: Multi-hadron observables

] Exotics, XYZs, tetra- and penta-quarks, H dibaryon

e.g. X(3872)
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Motivation: Multi-hadron observables

] Exotics, XYZs, tetra- and penta-quarks, H dibaryon

e.g. X(3872)
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Importance of the finite volume

X). o), |K7),|fo) & QCD Fock space

= QCD Fock space

‘ﬂ-ﬂ-’ OU‘t>’ ‘Kﬂ-’ OU’t>’ (continuum of states)

Relation is (highly) non-trivial

E .-.-:::::I;'.'.'.'.'.'.'.'.'.'.E"’; Es(L)

PR Er(L) c Discrete set of finite-
volume states

L :'," L EQ(L)




Talks at this meeting

Nucleon resonances from lattice QCD
Colin Morningstar

Monday, 10:45 - 11:25

Three-hadron dynamics from lattice QCD

Fernando Romero-Lopez
Tuesday, 9:40 - 10:20

Interactions between two hadrons in lattice QCD
Sinya AoKi
10:45 -11:25

Status of two-baryon scattering in lattice QCD

Jeremy Green
11:25 - 12:05

Recent Applications of Nuclear Lattice Effective Theory

Dean Lee
12:05 - 12:45

Monday afternoon (titles abbreviated)...

Scattering of Goldstone bosons on the lattice Ferenc Pittler

Role of branchcuts for the Tcc(3875) Meng-Lin Du

Charmonium resonances in coupled-channel scattering David Wilson

Internal structure of the Tcc(3875) Michael Abolnikov

ChPT and lattice studies of doubly charmed baryons De-Liang Yao

Tuesday afternoon (titles abbreviated)...

Six-meson scattering and three pions on the lattice Mattias Sjo

Long-range forces in a finite volume Akaki Ruseksky

Left-hand cut problem in lattice QCD Lu Meng

Novel method for resonance positions in finite volume Congwu Wang

Three-body analysis of Tcc(3875) Sebastian Dawid
Three-meson scattering with physical quarks fFernando Romero-Lopez
Thursday afternoon (titles abbreviated)...

Lattice calculation of K — 7w decay #r and scattering Masaaki Tomii
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Motivation: Left hand cuts

] Lattice QCD has seen significant recent progress in calculations of

© baryon-baryon scattering (NPLQCD, CallLatt, Mainz)

© vector-pseudoscalar scattering, e.g. DD* — DD* (relevant for the T'. )

] These amplitudes have sub-threshold branch cuts (from light meson exchanges)
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Motivation: Left hand cuts

] Lattice QCD has seen significant recent progress in calculations of

© baryon-baryon scattering (NPLQCD, Callatt, Mainz)

© vector-pseudoscalar scattering, e.g. DD* — DD* (relevant for the T, )

] These amplitudes have sub-threshold branch cuts (from light meson exchanges)
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/L = 7 ) o8 30
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Green, et. al., PRL (2021)

] Calculations often extract finite-volume energies on the cuts

] The Luscher scattering formalism (+extensions) is not applicable for these energies

Im | p cot 6 (P)correct # 0 Im |pcot 5(p)romm| | =0

_ cut- _ L cut4

( Goal: Provide a generalized quantization condition that resolves the issue )




Related work...

] Early studies of long-range effects of NN scattering in a finite volume

© exp|—uL] effects can be large due to [long-range effects] = [single-pion exchange] = [left-hand cut]
Sato and Bedaque, PRD (2007)

] Plane-wave basis to treat long-range interactions

~ avoids angular-momentum projection Meng and Epelbaum, JHEP (2021)
Meng et al., PRD (2024)




Related work...

] Early studies of long-range effects of NN scattering in a finite volume

© exp|—uL] effects can be large due to [long-range effects] = [single-pion exchange] = [left-hand cut]
Sato and Bedaque, PRD (2007)

] Plane-wave basis to treat long-range interactions

~ avoids angular-momentum projection Meng and Epelbaum, JHEP (2021)
Meng et al., PRD (2024)

] Generalisation of the Luscher + K-matrix workflow (this talk)
MTH and Raposo, JHEP (2024)

] Alternative modification of the Luscher formula via “modified effective range expansion”
Bubna et al., JHEP (2024)

] Three-body framework (automatically includes left-hand cut)
Dawid, Islam, Bricefio, PRD (2023)

MTH, Romero-Lépez and Sharpe, PRD (2024)




Additional related work...

] EFT context for long-range forces
Modified effective range function, van Haeringen and Kok, Phys.Rev.A 1982

Removing pions from two nucleon effective field theory, Steele and Furnstahl, Nucl.Phys.A 1999
Coulomb effects in low-energy proton proton scattering, Kong and Ravndal, Nucl.Phys.A 2000

[] Finite-volume QED context for long-range forces

Two-Particle Elastic Scattering in a Finite Volume Including QED, Beane and Savage, PRD 2014

] Tcc context
Coupled-channel approach to Tcc+ including three-body effects, Du et al., PRD 2022
Role of Left-Hand Cut Contributions on Pole Extractions from Lattice Data: Case Study for Tcc(3875), Du et al., PRL 2023

[J Numerical lattice QCD calculations

Weakly bound H dibaryon from SU(3)-flavor-symmetric QCD, Green et al., PRL 2021
Signature of a Doubly Charm Tetraquark Pole in DD* Scattering on the Lattice, Padmanath and Prelovsek, PRL 2022

—_—

Near-threshold states in coupled DD#—Dx*Dx* scattering from lattice QCD Whyte, Wilson, and Thomas, ar X1v:2405.15741 [hep-lat]




Introduction to the left-hand cut

] All orders generic effective theory for nucleons and pions

masses
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Introduction to the left-hand cut

] All orders generic effective theory for nucleons and pions
MAasses
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number . ¥ ST St
L] : . . ’o 0’ ’0 0‘
conserved : DY
T eeesasssssanes M ( < My ) : y o . . e .

[J Analytic structure of the NN — NN scattering amplitude
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angular momentum projected
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s-channel cut (optical theorem)

[J For two-particle scattering energies, how do we know the analytic structure of M(s) = :><: 4

] The optical theorem tells us...

p(s)[Me(s)[" = Im M(s)

_ V1 —4M3 /s

where p($) is the two-particle phase space

327




s-channel cut (optical theorem)

] For two-particle scattering energies, how do we know the analytic structure of ./\/l(s) — ®

\/C )
] The optical theorem tells us...

p(s)|Me(s)|? = Im M(s)

V1 —4M3 /s
where p(s) = is the two-particle phase space
327
s = Ecy
LY
My(s) : | o |
[J Unique solution is... e\S) = _ - =
q Ke(s) —ip(s) | o
K matrix (short distance) phase-space cut (long distance)
C Key message: s-channel square-root branch cut from the optical theorem )
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s-channel cut (diagrammatic)

M) = X | sx sex T T 5 -

- _—9
/\6

propagating hadrons
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s-channel cut (diagrammatic)

Y e
X | X oex I X
/N

M(s)

0+ OO OO0+
1€ 1€ 1€

M(s) = T><®
9 L)
............ propagating hadrons
—eo— = fully dressed

(“ Bethe-Salpeter kernel
Y :
>

)4 — /[real, analytic]
for QMy)? < s < (2My + m_)>

Framework for generic, EFT independent,
all-orders diagrammatic relations
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s-channel cut (diagrammatic)
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X XX ex LI XX
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s-channel cut (diagrammatic)

Mi(s) =
XZ><><>0<WW>& ()

-~ _—9
/\6

M(s)

propagating hadrons

SPoLBossogonsonso Qi =l s
1€ 1€ 1€

(*‘ Bethe-Salpeter kernel
Y .
>

= /[real, analytic|

_ /\
00 = ke[ Q@ | + i [O—Q] or QM < 5 < M4 Y

1€ 1€ 1€

Framework for generic, EFT independent,
all-orders diagrammatic relations
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s-channel cut (diagrammatic)

Mi(s) =
><Z><><>0<W_W><Ci’>< ()

- _—9
/\6

M(s)

propagating hadrons

SPoLBossogonsonso Qi =l s
1€ 1€ 1€

r‘ Bethe-Salpeter kernel
Y .
>

= /[real, analytic|

. /\
OO = Re[ Q@] + i[O or QM < 5 < M4 Y

1€ 1€ 1€

Framework for generic, EFT independent,
all-orders diagrammatic relations

S((P — k)2 —
Zwk

k2 - s/4 — Mz = p(s)?
8 imaginary part is set exactly on-shell

V1—4M% /s
32T

p(s) =
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s-channel cut (diagrammatic)

M(s) = 20+ 000+ OO0+

O 0 = OO+ 0O

1€

&%

ip(s) \/s — 4M%

M(s) = ‘><:C
9 L)
............ propagating hadrons
—eo— = fully dressed

r‘ Bethe-Salpeter kernel
X

/\‘{ — /[real, analytic]
for QMy)? < s < (2My + m_)>

Framework for generic, EFT independent,
all-orders diagrammatic relations

k2 - s/4 — Mz = p(s)?

imaginary part is set exactly on-shell

_ V1 4AMZ /s

p(5) 397
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s-channel cut (diagrammatic)

M(s) = 200+ OO+ OO0+

-~ _—9
/\6

03— ... propagating hadrons
00 - 00 00 | el dressec
1€

ip(s) \/s — 4M%

r‘ Bethe-Salpeter kernel
defines the K matrix /C(S) X :‘( = /[real, analytic]

- O+ OO+ OFEQEO |
Framework for generic, EFT independent,

4 [:( - _|_ . } : [:( —+- —|— . } all-orders diagrammatic relations

ip(s) o \/s — AM%

k2 - s/4 — Mz = p(s)?

1 imaginary part is set exactly on-shell

_ 1 4ME]s
N 327

p(s)
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Continuation below threshold
M(s) = 1 167+/s

K(s)~L —ip(s)  pcotd(p) —ip

[ p cot5(p) has a smooth continuation below threshold

[ For ip we must choose a Riemann sheet

example: pcoto(p) = Cy=— 1/a

pcot o
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Continuation below threshold
M(s) = 1 167+/s

K(s)~L —ip(s)  pcotd(p) —ip

[ p cot5(p) has a smooth continuation below threshold

[ For ip we must choose a Riemann sheet

“Physical sheet”/ First sheet

Im[p] > O € - > —Zp

example: pcoto(p) = C,

pcot o

— 1/a
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Continuation below threshold
M(s) = 1 167+/s

K(s)~L —ip(s)  pcotd(p) —ip

[ p cot5(p) has a smooth continuation below threshold

[ For ip we must choose a Riemann sheet

M(s) = 1674/
—1/0, + _p2

“Physical sheet”/ First sheet

Imjp| >0 <.....> —ip

example: pcoto(p) = C,

pcot o

— 1/a
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Continuation below threshold pls) = Y= p=1/s/4— M

B 1 B 167+/s
M(s) = K(s)=1 —ip(s) ~ pcot 0(p) — ip

[ p cotd(p) has a smooth continuation below threshold example: pcoto(p) = Cy=—1/a

[ For ip we must choose a Riemann sheet

pcot o
167+/s M(s) — 167+/s
M(S) — 5 (S) T 1 \/72
—1/a+ \/—p? y p —lja—v/=p
“Physical sheet”/ First sheet “Unphysical sheet”/ Second sheet
Imp] >0 <> —ip = [p| = vV —p? [mfp] <0 <> —ip = —|p| = —v/—p?
s<2M%, s<2M?3%

it




Infinite-volume review

] s-channel cut arises from the imaginary part of two-particle loops 1

related to continuum of two-particle scattering states /C(S)_l — ip(S)

approach the pole — need ie

Dirac delta enforces physical energy (on-shell) N <
X

] Sub-threshold continuation requires
Riemann sheet specification: ip(s) — £ | p(s) | ><><

near-threshold analyticity of K(s)

] Recipe to analytically continue: ———— 8
break into on-shell s-channnel cuts : \

continue each contribution (choosing a sheet for p(s))

all exchanges contribute to the nearest left-hand cut
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...switching now to the finite-volume...
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Landscape of amplitudes

] Large body of work dedicated to extracting amplitudes from finite-volume data

wo-to-two scattering: 2 —
o e Y
UDecays with an external current: | — 2 ‘2%»/’ ®
L) QZZL, L)
[ Transitions with an external current: 2 — 2 >
e /C
[ Three-to-three scattering: 3 — 3 &6 /Q;C

| . ISR
gLong distance matrix elements 6_,§’§6 >_,§
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Landscape of amplitudes

] Large body of work dedicated to extracting amplitudes from finite-volume data

wo-to-two scattering: 2 —

C/\C 6/\6

UDecays with an external current: | — 2 ‘221»/’ ®
4 v e

L) «22; L)
[ Transitions with an external current: 2 — 2 >

eV
& Three-to-three scattering: 3 — 3 . /Q;C

gLong distance matrix elements 52&{%‘ >£,Q = this talk
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The finite-volume

-------------
’’’’’’’’
-

-------------

1 Finite, cubic, periodic spatial volume (extent L)
] Discrete momenta and energies

O Lis large enough to neglect ¢ ~"«"

(] Finite T and non-zero lattice spacing assumed negligible
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The finite-volume
1 Finite, cubic, periodic spatial volume (extent L)

-------------
————————
-

-------- - L =§2Eg ] Discrete momenta and energies

: E o L

/\/\/ O Lis large enough to neglect e+t
L /L Fo(L)

(] Finite T and non-zero lattice spacing assumed negligible

Quantization condition relates energies to K-matrices, and thereby amplitudes

E5(L) finite volume - unitarity - -~
an e Sg® > St
L 9 L 9

Eo(L)

%et[lc—l(s) i F(P, L)] — 0 F(P, L) Matrix of known

geometric functions

» Liischer (1989) < many others -
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The finite-volume
(] Finite, cubic, periodic spatial volume (extent L)

-------------
————————
-

-------- - L =§2Eg ] Discrete momenta and energies

: E o L

/\/\/ O Lis large enough to neglect e+t
L /L Fo(L)

(] Finite T and non-zero lattice spacing assumed negligible

Quantization condition relates energies to K-matrices, and thereby amplitudes

Es(L) finite volume ) [ ) unitarity L)
Ei(L) < > | :@i ~ < > ::@:C

L) L)
Eo(L)

%et[lc—l(s) i F(P, L)] — 0 F(P, L) Matrix of known

geometric functions

» Liischer (1989) < many others -

K 0.0 -
F(P, L) is real below threshold 3 > 1 o |5 AM% +m2 — ie
© —0.1 . G og
— only solvable if K(s) is real below threshold K, R * s/4 — My m;

K . L (fm)




Using the result (above threshold)

[L] Single-channel case (pions in a p-wave)

0.20

0.18

0.16

0.14 |

1 >
K(sp) " =pcotd(s,) =—F(E,, P, L)
oo - H‘mi -
gy
s
o P =0,0,0]
o L/as =16 P =10,0,1]
E 0 L/as = 20 P =[0,1,1]
= a Ljag =24 P =[1,1,1]
P =10,0,2]
N 0,0,2
- T — T
I—ﬂ—ll_l-#_|
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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[L] Single-channel case (pions in a p-wave)
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@ - v TEw
gae s
e P =10,0,0
o Ljas=16 P =10,0,1]
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= A L/CLS =24 ﬁ: :17171:
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s : |
1
- T — 7T
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Using the result (above threshold)

[L] Single-channel case (pions in a p-wave)
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0.20
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0.14 |

Using the result (above threshold)

[L] Single-channel case (pions in a p-wave)

K(sp) t = pcotd(sy)

P =10,0,0]
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Using the result (above threshold)

[L] Single-channel case (pions in a p-wave)

0.20

0.18

0.16

0.14 |

0.20

0.18

0.16

0.14

K(sn)" ' = pcotd(s,) = —F(E,, P, L)

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -

P =10,0,0]
o Ljas =16 P =10,0,1
0 L/as =20 P=10,1,1
A Lla,=24 | P=[L11
P =10,0,2]
T —> T
0.17 0.18 0.19 o, F
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Back to the derivation

matrix of known
geometric functions
1

OO+ 05 0C

-r

_F(P,L)

\

M, (P) = finite-volume correlator

poles are finite-volume energies

propagating hadrons

—e— = fully dressed

(*‘ Bethe-Salpeter kernel
X

:{ = zk:[real, analytic]

= /[real, analytic| + e+
k

for QM) < s < (2My + m_)>

Framework for generic, EFT independent,
all-orders diagrammatic relations
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Back to the derivation

M, (P) = finite-volume correlator

poles are finite-volume energies

propagating hadrons

matrix of known

. . —eo— = fully dressed
geometric functions Y

Jusssssnnnn
.
=

= —|— Cﬁ\‘ (“ Bethe-Salpeter kernel
X

_F(P,L) Vv .
: = Y [real, analytic]
defines the K matrix /C(S) % ;

- [:(_I_ —I_ T } = /k[real, analytic] + e #&

for QM) < s < (2My + m_)>

oD i~ o5 L
T [x * M_I_ o }\'-""/{:( T ”:—'_ } Framework for generic, EFT independent,

—F(P, L) all-orders diagrammatic relations

1 Key details:
/C(S)_l I F(P, L) matrices on angular momentum & channels
K(s) populated with physical (on-shell) partial waves

||
=
=
|
e
S
g
=
=
=
=
_I_
||
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Back to the derivation

M, (P) = finite-volume correlator

poles are finite-volume energies

propagating hadrons

matrix of known

. . —o— = fully dressed
geometric functions Y

------------

= —|— Cﬁ\‘ r‘ Bethe-Salpeter kernel
X

Y .
: = Y [real, analytic]
defines the K matrix /C(S) % ;

—_— e o o — |, | t. —I_ _ML
- [0+ OO O OEO s s
for QM) < s < (2My + m_)>

oD i~ o5 L
T [x * M_I_ o }\'-""/{:( T ”:—'_ } Framework for generic, EFT independent,

—F(P, L) all-orders diagrammatic relations

1 Key details:
/C(S)_l I F(P, L) matrices on angular momentum & channels
K(s) populated with physical (on-shell) partial waves

— K(s) — K(s)F(P,L)K(s) + - - - =

C What goes wrong with the left-hand cuts? )
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Origins/issues of on-shell projection

jos=ogiiom=oy

1€
ip(s) \/3 — AM%

Exactly set on the mass shell by a Dirac delta function

Set on the mass shell
by the relation:

ny

1 S(kem) — S(P(Eem)?)

ka kgm o p(Ecm)2

s
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Origins/issues of on-shell projection

00 - i [JO—Q]

1€
ip(s) o \/s — AM%

Exactly set on the mass shell by a Dirac delta function

... a result that leads to the correct sub-threshold analytic
continuation

—F(P, L) =3 /k

Set on the mass shell [i Z_/] 1 S(kZ,) — S(p(Eem)?) _ —nL
by the relation: = Jel20k kg, — p(Eom)?

... a result that breaks on the cut

1 4k 4+ m2 —ie 1 s —AMZ% +m?2 — ie
log log

2 > — A2 2
k- m2 s/4— My m2
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Origins/issues of on-shell projection

OO = 1 [OOL

1€
ip(s) o \/s — AM%

Exactly set on the mass shell by a Dirac delta function

... a result that leads to the correct sub-threshold analytic
continuation

MTH and Raposo, JHEP (2024)

—F(P, L) =3 /k

Set on the mass shell [i Z_/] 1 S(kZ,) — S(p(Eem)?) _ —nL
by the relation: = Jel20k kg, — p(Eom)?

... a result that breaks on the cut

1 4k + m2 — e 1 s —AMZ% +m?2 — ie
. [ m2 ] S0 8 [ m2
Resolution: change the details of the cut E (L) can now constrain
to keep T partly off-shell - -
separate the t-channel exchange P Fo modified K matrix + the cut
I 2
from the Bethe _Salpeter kernel ]C( 3) g~ logl[- -]
B T
© -0
modify index space to reach a new Known integral equations relate
Y MK Y uantisation condition this to the standard K (or the
X A A ! amplitude)
{,m — |keml, £, m p

&

-
_
b
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New quantization condition...

det
k..fm

MTH and Raposo, JHEP (2024)

a A

E5(L) finite volume unitarity + t-cut -

S e——> YIS | —— DR
L L L L

Eo(L)

_ J

S(P, L) = Matrix of known geometric functions

T = Matrix of known off-shell logs

05 T - 1 | [2wkcmwkém — 2|keml kL] — 2M3% + m2 — ie]
[S(P, LYy '+ K (P)€+ QgQT(P)} — 0 & Tlkenl00, Ik 00 = T O | e o T 2l [F| — 202 + M2 —ic
fkcm p— ]_ C EREREREE > 5 — (]_ ]_ ]_ ]_)
g = NNr coupling KOS(P) — Diagonal matrix of Lorentz scalars
New matrix space, truncated by cutoff function Holds up to e Ml

Inspired in part three-particle work...
Blanton, Briceno, Doring, Draper, Mai, Meifiner, Miiller, Hammer, MTH, Pang, Romero-Lopez, Rusetsky, Sharpe
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New integral equations... MTH and Raposo, JHEP (2024)

o ™ émitarity + t-cu; ) o
L 9 L 9

\_ j

E,(L) finite volume
Ey(L) p- >

: / d°k* M2™(P,p, k) H(k*) K7 (P,k,p')

MBUX(P’p’p/) _ KT(P’p,p’) _ 5 (27‘(‘)3 4w(k*) [(kgs)z L (k*)Z 4 ?:E]

o - (erX)

o T (o)

K7 (P,p,p') =K (P,p,p') + 2¢*T (P, p,p)

oS

Inspired in part three-particle work...
Blanton, Bricenio, Doring, Draper, Mai, Meifiner, Miiller, Hammer, MTH, Pang, Romero-Lopez, Rusetsky, Sharpe
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Comparison to other methods...

] Sato and Bedaque: explicitly study the on-shell off-shell difference above the cut

[32—/] 1 S(kZ,) — S(p(Eem)?) s 1 log [4k3m+m7% —ie] 1 s — AM%Z +m2 — ie
L3 L B
k

lo
2k k2 — P(Eem)? K2, m2 s/4— M3 0 m2

] Meng and Epelbaum: different basis could mean a different truncation... numerical checks needed

] Bubna et al.: perhaps the most similar, [ still need to understand the details

Images taken from Akaki Rusetsky’s Lattice2024 talk...

V(r)= Vi(r) + Vs(r)
N N
known, local unknown

T + (1 + T[_G())Ts(]. + Gop T[_)

g VR Ve G. = Gy + Gy VG,
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Landscape of amplitudes

] Large body of work dedicated to extracting amplitudes from finite-volume data

wo-to-two scattering: 2 —

C/\C é/\b

UDecays with an external current: | — 2 ‘221»/’ ®
4 v e

L) Qz?z, L)
[ Transitions with an external current: 2 — 2 >

BV
[ Three-to-three scattering: 3 — 3 . /i;‘

gLong distance matrix elements 5E§§6 >£,Q = this talk
L




Towards >2 hadrons

] Multiple three-particle finite-volume formalisms developed
MTH, Sharpe (2014-2016) See also Doring, Mai, Hammer, Pang, Rusetsky

[] First lattice calculations appearing... e.g. z*zz* - ztztn*

01 \J001] D\

A3 \ s O Extract reliable spectrum
5% q? BN b3 O Use formalism to fit scheme-

8 Kl .
\ S Xﬁ [ <[P dependent K-matrix
£ 2 o 25

\ —\ | O Solve integral equations to
4- By d I < reach physical amplitude

o o
3_ =

20 24 20 24 20 24

MTH, Briceno, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Towar dS > hadr Oons Three-hadron dynamics from lattice QCD

Fernando Romero-Lopez

] Multiple three-particle finite-volume formalisms developed Tuesday, 9:40 - 10:20

"

MTH, Sharpe (2014-2016) See also Doring, Mai, Hammer, Pang, Rusetsky

[] First lattice calculations appearing... e.g. z*zz* - ztztn*

6-

\
\ \'\ \\
\ N\
N\
\ \
\

o

\

...‘\\ "\\
\\'\\ \\'\\
NN\

O Extract reliable spectrum

O Use formalism to fit scheme-
dependent K-matrix

3
3 TNEx3
2 kx |3
— - O Solve integral equations to
4 - = reach physical amplitude
o o
3-

20 24 20 24 20 24

MTH, Briceno, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Three-body fOI‘ mula fOI‘ left—hand cuts Three-hadron dynamics from lattice QCD
Fernando Romero-Lopez

] Three-body framework automatically includes left-hand cuts Tuesday, 9:40 - 10:20

[J We recently extended the three-body framework to DD* — DDx

MTH, Romero-Lépez and Sharpe, PRD (2024)
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Summary and outlook

[J Nearest left-hand cut is an [on-shell] + [angular-momentum projection] + [infinite-volume effect]
[ [os] + [ang.-mom. proj.] + [co-vol] Bethe-Salpeter kernel gives an incorrect description of the finite-volume system

[ A modified derivation solves this at the expense of a new quantization condition (and a new K-matrix)

] Integrals relate new K-matrix to the scattering amplitude with the cut included

[ Much to explore... finite-L effects near (but not on) the cut, connection to three-particle formalism

Thanks to Jeremy Green, Steve Sharpe, Fernando Romero-Lopez, Raul Briceno for discussions!
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Summary and outlook

[J Nearest left-hand cut is an [on-shell] + [angular-momentum projection] + [infinite-volume effect]
[ [os] + [ang.-mom. proj.] + [co-vol] Bethe-Salpeter kernel gives an incorrect description of the finite-volume system

[ A modified derivation solves this at the expense of a new quantization condition (and a new K-matrix)

] Integrals relate new K-matrix to the scattering amplitude with the cut included

[ Much to explore... finite-L effects near (but not on) the cut, connection to three-particle formalism

Thanks to Jeremy Green, Steve Sharpe, Fernando Romero-Lopez, Raul Bricerio for discussions!

Thanks for listening! Questions?....

T

UK Research
and Innovation
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...back-up slides...
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Recovering the standard formula

[] Setting the coupling to zero gives

et [S(P, L))"l 4 ¢ (P) g} =0 <>  det [K"S(P)—l +ES(P, L)gq =0

a=03/My, r=0

] The contracted S-factor is closely related to F
ES(P,L)¢" = F(P,L) + I(P)

- |
.0 l
- Bk 1 A Yo (K*) Yy, (k) |K* |0 H (k) B o1
lem,em (P) = p.v. / (27)3 2 2wy (k) 2wn (P — k) (E — wn (k) — wn (P — k)) § i
c [
(@) [
o . - Y SRS | S SN A
] Integral equations give | i
£%(P)! = M(P)~" — I'“(P) K(P)™ = M(P)™" +ip(s) s | !
o-14 |
7-0S —1 —1 —— modifie
IC (P) — ’C(P) o I(P) o e Lﬂs?:r]:erdQQCC
| 20 25 30 35 40 45 50
] Put it together E/M,,

det [K(P;) ™" = I(P;) + F(P;, L) + I(P;)] = det [K(P;) ™" + F(P;,L)] =0




Back to the derivation

OO0 - OO 05Or

matrix of known
geometric functions
|

_F(P, L)

defines the K matrix /C(s)

O+ + ko
4 [:‘: + OO+ }:‘::[:.: + OO+ } all-orders diagrammatic relations

—F(P, L)

M, (P) = finite-volume correlator

poles are finite-volume energies

propagating hadrons

—e— = fully dressed

r‘ Bethe-Salpeter kernel
X

:{ = ;[real, analytic]

= /[real, analytic| + e+
k

for QMy)2 < s < (2My + m_)>

Framework for generic, EFT independent,

Key details:
matrices on angular momentum & channels
K(s) populated with physical (on-shell) partial waves
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Some cutting details

abbreviating slightly we write..

1 A(kcn)B(p(Ee

m)”)

k2 — p(Fem)?

H(kcm)

smooth cutoff H

22

Aoff Boff Z ofFBon

Aot Boff —
~H)+)» ——

2
kcm

] WVe are still angular-momentum projecting everywhere (not really the issue)

] Sum is promoted to an additional index...

can always be collapsed later

[ Only the known log function is evaluated off-shell

1.7 m’, |kem|,€,m

Aoﬂ:Bon Z -AofFBon
H
k2
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First sum the safe blobs

defines the modified K matrix K(S)

@ BEE ) B BeEE -

—S(P, L)k _|.0'.m", |kem|,t;m

Key details:
= K(s) — K(s)S(P,L)K(s) + -+ = = L matrices on angular momentum @ |k_, |
| K(s)=1 + S(P, L) K(s) on shell but missing parts of diagrams

but now have significant redefinition freedom
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Completing the story...

OO+ [EE O+ 0O+

_S(P, L)lkém|7€/7m/ : |kcm|7£7m

K(s) + g2T T—l + S(P, L)




Integral equations

Es(L) finite volume o unitarity + t-cut .:@:‘
LJ L j

Al < > P C U < >
9
[_'J Exactly in the Spil"it of the th ree-particle approach « MTH, Sharpe (2015) < Agadjanov et.al, (2016) (Optical potantial) -

Ey(L) K
1

K(s)+g2T |1+ S(P,L)

] Define a finite-volume amplitude with the correct limit: My, (P) —

] Formally take an infinite-volume limit to derive an integral equation

M(s,t) =limlim lim Mp(P + €)1k em,|kem|tm

os e—0L—00

C Note: derivation strategy = logically separate from evaluation strategy )




QCD Fock space

[ At low-energies QCD = hadronic degrees of freedom m ~ud, K ~ 5u, p~ uud

[J Overlaps of multi-hadron asymptotic states = S matrix

2
dependson S — Ecm
and angular variables

diagonal in angular momentum

M,(s) o e2¥els)

[ An enormous space of information nrrm,in)  |KK,in)

angular momentum also
plays an important role in
resonant analysis
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