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Present status of (g − 2)µ: experiment vs SM
Before
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Present status of (g − 2)µ: experiment vs SM
After the 2021 Fermilab result
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Present status of (g − 2)µ: experiment vs SM
After the 2023 Fermilab result
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Present status of (g − 2)µ: experiment vs SM
After the 2023 Fermilab result and CMD3 and BMW-24
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White Paper (2020): (g − 2)µ, experiment vs SM

Contribution Value ×1011

HVP LO (e+e−) 6931(40)
HVP NLO (e+e−) −98.3(7)
HVP NNLO (e+e−) 12.4(1)
HVP LO (lattice, udsc) 7116(184)
HLbL (phenomenology) 92(19)
HLbL NLO (phenomenology) 2(1)
HLbL (lattice, uds) 79(35)
HLbL (phenomenology + lattice) 90(17)

QED 116 584 718.931(104)
Electroweak 153.6(1.0)
HVP (e+e−, LO + NLO + NNLO) 6845(40)
HLbL (phenomenology + lattice + NLO) 92(18)

Total SM Value 116 591 810(43)
Experiment 116 592 059(22)
Difference: ∆aµ := aexp

µ − aSM
µ 249(48)
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HVP LO (e+e−) 6931(40)
HVP NLO (e+e−) −98.3(7)
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Martin Hoferichter
Laurent Lellouch
Christoph Lehner (vice-chair)
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White Paper (2020): (g − 2)µ, experiment vs SM
White Paper:
T. Aoyama et al. Phys. Rep. 887 (2020) = WP(20)

Muon g − 2 Theory Initiative
Plenary Workshops:

▶ 1st, Q-Center (Fermilab), 3-6 June 2017

▶ 2nd, Mainz, 18-22 June 2018

▶ 3rd, Seattle, 9-13 September 2019

▶ 4th, KEK (virtual), 28 June-02 July 2021

▶ 5th, Higgs Center Edinburgh, 5-9 Sept. 2022

▶ 6th, Bern, 4-8 Sept. 2023

▶ 7th, KEK, 9-13 Sept. 2024
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Theory uncertainty comes from hadronic physics

▶ Hadronic contributions responsible for most of the theory
uncertainty

▶ Hadronic vacuum polarization (HVP) is O(α2), dominates
the total uncertainty, despite being known to < 1%

▶ unitarity and analyticity ⇒ dispersive approach
▶ ⇒ direct relation to experiment: σtot(e+e− → hadrons)
▶ e+e− Exps: BaBar, Belle, BESIII, CMD2/3, KLOE2, SND
▶ alternative approach: lattice, now competitive

(BMW, ETMC, Fermilab, HPQCD, Mainz, MILC, RBC/UKQCD)

→ talk by H. Wittig
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Theory uncertainty comes from hadronic physics

▶ Hadronic contributions responsible for most of the theory
uncertainty

▶ Hadronic vacuum polarization (HVP) is O(α2), dominates
the total uncertainty, despite being known to < 1%

▶ Hadronic light-by-light (HLbL) is O(α3), known to ∼ 20%,
second largest uncertainty (now subdominant)

▶ earlier: model-based—uncertainties
difficult to quantify

▶ recently: dispersive approach ⇒
data-driven, systematic treatment

▶ lattice QCD is competitive
(Mainz, RBC/UKQCD)

→ talk by H. Wittig
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HVP contribution: Master Formula
Unitarity relation: simple, same for all intermediate states

ImΠ̄(q2) ∝ σ(e+e− → hadrons) = σ(e+e− → µ+µ−)R(q2)

Analyticity
[
Π̄(q2) = q2

π

∫
ds ImΠ̄(s)

s(s−q2)

]
⇒ Master formula for HVP

Bouchiat, Michel (61)

⇔ ahvp
µ =

α2

3π2

∫ ∞

sth

ds
s

K (s)R(s)

K (s) known, depends on mµ and K (s) ∼ 1
s for large s
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HVP contribution: Master Formula

Slide by Achim Denig, MUonE Workshop, June 2024
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Comparison between DHMZ19 and KNT19

DHMZ19 KNT19 Difference

π+π− 507.85(3.38) 504.23(1.90) 3.62
π+π−π0 46.21(1.45) 46.63(94) −0.42

π+π−π+π− 13.68(0.30) 13.99(19) −0.31
π+π−π0π0 18.03(0.55) 18.15(74) −0.12

K+K− 23.08(0.44) 23.00(22) 0.08
KSKL 12.82(0.24) 13.04(19) −0.22
π0γ 4.41(0.10) 4.58(10) −0.17

Sum of the above 626.08(3.90) 623.62(2.27) 2.46

[1.8,3.7]GeV (without cc̄) 33.45(71) 34.45(56) −1.00
J/ψ, ψ(2S) 7.76(12) 7.84(19) −0.08
[3.7,∞)GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(4.0) 692.8(2.4) 1.2
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Comparison between DHMZ19 and KNT19

DHMZ19 KNT19 Difference

π+π− 507.85(3.38) 504.23(1.90) 3.62
π+π−π0 46.21(1.45) 46.63(94) −0.42

π+π−π+π− 13.68(0.30) 13.99(19) −0.31
π+π−π0π0 18.03(0.55) 18.15(74) −0.12

K+K− 23.08(0.44) 23.00(22) 0.08
KSKL 12.82(0.24) 13.04(19) −0.22
π0γ 4.41(0.10) 4.58(10) −0.17

Sum of the above 626.08(3.90) 623.62(2.27) 2.46

[1.8,3.7]GeV (without cc̄) 33.45(71) 34.45(56) −1.00
J/ψ, ψ(2S) 7.76(12) 7.84(19) −0.08
[3.7,∞)GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(4.0) 692.8(2.4) 1.2

For the dominant ππ channel more theory input can be used
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Comparison between DHMZ19 and KNT19

DHMZ19 KNT19 Difference

π+π− 507.85(3.38) 504.23(1.90) 3.62
π+π−π0 46.21(1.45) 46.63(94) −0.42

π+π−π+π− 13.68(0.30) 13.99(19) −0.31
π+π−π0π0 18.03(0.55) 18.15(74) −0.12

K+K− 23.08(0.44) 23.00(22) 0.08
KSKL 12.82(0.24) 13.04(19) −0.22
π0γ 4.41(0.10) 4.58(10) −0.17

Sum of the above 626.08(3.90) 623.62(2.27) 2.46

[1.8,3.7]GeV (without cc̄) 33.45(71) 34.45(56) −1.00
J/ψ, ψ(2S) 7.76(12) 7.84(19) −0.08
[3.7,∞)GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(4.0) 692.8(2.4) 1.2

For the 3π and KK channels also Hoferichter, Hoid, Kubis, Stamen, Hariharan, Stoffer
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Omnès representation including isospin breaking

= + + . . .
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Omnès representation including isospin breaking
▶ Omnès representation

Fπ
V (s) = exp

[
s
π

∫ ∞

4M2
π

ds′ δ(s′)

s′(s′ − s)

]
≡ Ω(s)

▶ Split elastic (↔ ππ phase shift, δ1
1) from inelastic phase

δ = δ1
1 + δin ⇒ Fπ

V (s) = Ω1
1(s)Ωin(s)

Eidelman-Lukaszuk: unitarity bound on δin

sin2 δin ≤ 1
2

(
1−

√
1 − r2

)
, r =

σI=1
e+e−→≠2π

σe+e−→2π
⇒ sin = (Mπ+Mω)

2

▶ ρ− ω–mixing FV (s) = Ωππ(s) · Ωin(s) · Gω(s)

Gω(s) = 1 + ϵ
s

sω − s
where sω = (Mω − i Γω/2)2
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Free parameters

Ω1
1(s) ⇒

{
ϕ0 = δππ((0.8 GeV)2)
ϕ1 = δππ(68M2

π)

Gω(s) ⇒
{
ϵ ω − ρ mixing
Mω

Ωin(s) ⇒





c1
... ImΩin(s) = 0 s ≤ sin
cP

Gω(s) = 1 + ϵ
s

sω − s
where sω = (Mω − i Γω/2)2

Ωin(s) = 1+
N∑

k=1

ck (z(s)k−z(0)k ) z =

√
sπω − s1 −√

sπω − s√
sπω − s1 +

√
sπω − s
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Free parameters
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Fit results
GC, Hoferichter, Stoffer (18)
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Fit results
GC, Hoferichter, Stoffer (18)

0 0.2 0.4 0.6 0.8 1

E(GeV)

0.9

0.95

1

1.05

1.1

|G
i|

G
ω



Introduction HVP HLbL Conclusions Data-driven DD vs Lattice CMD3 RC

Fit results
GC, Hoferichter, Stoffer (18)
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Fit results
GC, Hoferichter, Stoffer (18)
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Fit results
GC, Hoferichter, Stoffer (18)

485 490 495 500 505
1010 × aππ

µ |≤1 GeV

Result for aππ
µ |≤1 GeV from the VFF fits to single experiments and combinations

all e+e−, NA7

all e+e−

energy scan

KLOE′′

BaBar

CMD-2

SND



Introduction HVP HLbL Conclusions Data-driven DD vs Lattice CMD3 RC

Fit results
GC, Hoferichter, Stoffer (18)

1.5Fit error

2.1Total systematic

0.6ππ phase, Roy-solution parameters
0.1ππ phase, high-energy continuation

0.0Γω
0.2sc

2.0Order N in conf. poly.

Uncertainties on aππ
µ |≤1 GeV in combined fit to all experiments

Order N = 5 conformal polynomial has zeros. Reasonable?
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2π: comparison with the dispersive approach
2π channel described dispersively ⇒ more theory constraints

Ananthanarayan, Caprini, Das (19), GC, Hoferichter, Stoffer (18) WP(20)

Energy range CHS18 DHMZ19 KNT19

≤ 0.6 GeV 110.1(9) 110.4(4)(5) 108.7(9)
≤ 0.7 GeV 214.8(1.7) 214.7(0.8)(1.1) 213.1(1.2)
≤ 0.8 GeV 413.2(2.3) 414.4(1.5)(2.3) 412.0(1.7)
≤ 0.9 GeV 479.8(2.6) 481.9(1.8)(2.9) 478.5(1.8)
≤ 1.0 GeV 495.0(2.6) 497.4(1.8)(3.1) 493.8(1.9)

[0.6,0.7]GeV 104.7(7) 104.2(5)(5) 104.4(5)
[0.7,0.8]GeV 198.3(9) 199.8(0.9)(1.2) 198.9(7)
[0.8,0.9]GeV 66.6(4) 67.5(4)(6) 66.6(3)
[0.9,1.0]GeV 15.3(1) 15.5(1)(2) 15.3(1)

≤ 0.63 GeV 132.8(1.1) 132.9(5)(6) 131.2(1.0)
[0.6,0.9]GeV 369.6(1.7) 371.5(1.5)(2.3) 369.8(1.3)[√
0.1,

√
0.95

]
GeV 490.7(2.6) 493.1(1.8)(3.1) 489.5(1.9)
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Combination method and final result
Complete analyses DHMZ19 and KNT19, as well as CHS19
(2π) and HHK19 (3π), have been so combined:

HHK=Hoferichter, Hoid, Kubis

▶ central values are obtained by simple averages (for each
channel and mass range)

▶ the largest experimental and systematic uncertainty of
DHMZ and KNT is taken

▶ 1/2 difference DHMZ−KNT (or BABAR−KLOE in the 2π
channel, if larger) is added to the uncertainty

Final result:

aHVP, LO
µ = 693.1(2.8)exp(2.8)sys(0.7)DV+QCD × 10−10

= 693.1(4.0)× 10−10

WP(20)
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The BMW result Borsanyi et al. Nature 2021

State-of-the-art lattice calculation of aHVP, LO
µ based on

▶ current-current correlator, summed over all distances,
integrated in time with appropriate kernel function (TMR)

▶ using staggered fermions on an L ∼ 6 fm lattice (L ∼ 11fm
used for finite volume corrections)

▶ at (and around) physical quark masses
▶ including isospin-breaking effects

▶ update (24) confirms result and reduces uncertainty
intermediate and SD windows confirmed by several lattice
collab. — LD window just confirmed by RBC/UKQCD

→ talk by H. Wittig
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The BMW result Borsanyi et al. Nature 2021

2  |  Nature  |  www.nature.com

Article

(up, down, strange and charm), in a lattice formulation that takes  
into account all dynamical effects. We also consider the tiny contribu-
tions of the bottom and top quarks, as discussed in Supplementary  
Information.

We compute aμ
LO HVP‐  in the so-called time–momentum representa-

tion8, which relies on the following two-point function with zero 
three-momentum in Euclidean time t:

∫∑G t
e

x J t J( ) =
1

3
d ⟨ ( , ) (0)⟩, (1)

μ
μ μ2

=1,2,3

3 x

where Jμ is the quark electromagnetic current, with uγ u= −
J

e μ
2
3

μ  
d γ d s γ s cγ c− +μ μ μ

1
3

1
3

2
3

. u, d, s and c are the up, down, strange and charm 
quark fields, respectively, and the angle brackets stand for the 
QCD + QED expectation value to order e2. It is convenient to decompose 
G(t) into light, strange, charm and disconnected components, which 
have very different statistical and systematic uncertainties. Integrating 
the one-photon-irreducible part of the two-point function (equa-
tion (1)), G1γI, yields the LO-HVP contribution to the magnetic moment 
of the muon8–11:

‐ ∫a α tK t G t= d ( ) ( ), (2)μ γ
LO HVP 2

0

∞

1 I

with weight function

























∫K t

Q
m

ω
Q
m

t
Q

Qt
( ) =

d
−

4
sin

2
, (3)

μ μ0

∞ 2

2

2

2
2

2
2

and where ω r r r r r r( ) = [ + 2 − ( + 4) ] / ( + 4)2 , α is the fine-structure 
constant in the Thomson limit and mμ is the muon mass. Because we 
consider only the LO-HVP contribution, for brevity we drop the super-
script and multiply the result by 1010, that is, aμ stands for ‐a × 10μ

LO HVP 10 
in the following.

The subpercent precision that we are aiming for represents a huge 
challenge for lattice QCD. To reach that goal, we must address four 
critical issues: scale determination; noise reduction; QED and strong–
isospin symmetry breaking; and infinite-volume and continuum extrap-
olations. We discuss these one by one.

The first issue is scale determination. The quantity aμ depends 
on the muon mass. When computing equation (2) on the lattice, mμ 
must be converted into lattice units, amμ, where a is the lattice spac-
ing. A relative error of the lattice spacing propagates into about a 
twice-as-large relative error on aμ, so that a must be determined with a 
precision of few parts per thousand. We use the mass of the Ω baryon, 
MΩ = 1,672.45(29) MeV, from ref. 1 to set the lattice spacing, where the 
uncertainty in the parentheses denotes one standard deviation. We 
also use a scale based on the gradient flow from ref. 12, denoted as w0, 
to define an isospin decomposition of our observables. Although w0 
can be determined with sub-per-thousand precision on the lattice, it 
is inaccessible experimentally. In this work we determine the physical 
value of w0 by including QED and strong–isospin symmetry-breaking 
effects: w0 = 0.17236(29)stat(63)syst(70)tot fm, where the first error is 
statistical, the second is systematic and the third is the total error. 
In total, we reach a relative accuracy of 4‰, which is better than the 
error of the previous best determination13, the value of which agrees 
with ours. There the pion decay constant was used as experimental 

Strong–isospin breaking

Connected light Connected strange Connected charm Disconnected

633.7(2.1)stat(4.2)syst 53.393(89)stat(68)syst –13.36(1.18)stat(1.36)syst

0.11(4)tot

Bottom; higher-order;
perturbative

Other

Finite-size effects

Disconnected

–4.67(54)stat(69)syst

aLO-HVP (×1010) = 707.5(2.3)stat(5.0)syst(5.5)tot

QED isospin breaking: valence 

Isospin-symmetric

Connected Disconnected

Connected Disconnected

Connected

DisconnectedConnected

–0.55(15)stat(10)syst

–0.040(33)stat(21)syst

0.011(24)stat(14)syst

–1.23(40)stat(31)syst

–0.0093(86)stat(95)syst

0.37(21)stat(24)syst

6.60(63)stat(53)syst

QED isospin breaking: sea

QED isospin breaking: mixed

Isospin-symmetric

Isospin-breaking

18.7(2.5)tot

0.0(0.1)tot

14.6(0)stat(1)syst

Fig. 1 | Contributions to aμ, including examples of the corresponding 
Feynman diagrams. Solid lines are quarks and curly lines are photons. Gluons 
are not shown explicitly, and internal quark loops are shown only if they are 
attached to photons. Dots represent coordinates in position space, boxes 
denote the mass insertion relevant for strong–isospin symmetry breaking.  
The numbers give our result for each contribution; they correspond to our 

‘reference’ system size defined by Lref = 6.272 fm spatial and Tref = 9.408 fm 
temporal lattice extents. We also explicitly compute the finite-size corrections 
that must be added to these results, which are given separately in the lower 
right panel. The first error is the statistical and the second is the systematic 
uncertainty, except for the contributions for which only a single, total error is 
given. Central values are medians; errors are s.e.m.
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Present status of the window quantities

Weight functions for window quantities RBC/UKQCD (18)
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C. Lehner, talk at Lattice 2024
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Present status of the window quantities

C. Lehner, talk at Lattice 2024
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Individual-channel contributions to awin
µ

Channel total window

π+π− 504.23(1.90) 144.08(49)
π+π−π0 46.63(94) 18.63(35)

π+π−π+π− 13.99(19) 8.88(12)
π+π−π0π0 18.15(74) 11.20(46)

K+K− 23.00(22) 12.29(12)
KSKL 13.04(19) 6.81(10)
π0γ 4.58(10) 1.58(4)

Sum of the above 623.62(2.27) 203.47(78)

[1.8, 3.7] GeV (without cc̄) 34.45(56) 15.93(26)
J/ψ, ψ(2S) 7.84(19) 2.27(6)
[3.7,∞) GeV 16.95(19) 1.56(2)

WP(20) / GC, El-Khadra et al. (22) 693.1(4.0) 229.4(1.4)

BMWc 707.5(5.5) 236.7(1.4)
Mainz/CLS 237.3(1.5)

ETMc 235.0(1.1)
RBC/UKQCD 235.6(0.8)

Numbers for the channels refer to KNT19 — thanks to Alex Keshavarzi for providing them

∆aHVP, LO
µ = 14.4(6.8) (2.1σ), ∆awin

µ ∼ 6.5(1.5) (∼ 4.3σ)
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CMD-3 measurement of e+e− → π+π−

F. Ignatov et al., CMD-3, arXiv:2302.08834
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Preliminary analysis of the CMD-3 measurement
GC, Hoferichter and Stoffer, arXiv:2308.04217 (thanks for providing the plot)
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Figure 4: Results for a⇡⇡
µ in the energy range  1 GeV. The smaller error bars are the fit uncertainties, inflated

by
p
�2/dof, the larger error bars are the total uncertainties. The gray bands correspond to the combined fit

to NA7 and all e+e� data sets apart from SND20 and CMD-3, with the largest band including the additional

systematic effect due to the BaBar–KLOE tension.
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Figure 5: Results for the phase of the ⇢–! mixing parameter, �✏. The smaller error bars are the fit uncertainties,

inflated by
p
�2/dof, the larger error bars are the total uncertainties. The gray bands correspond to the

combined fit to NA7 and all e+e� data sets apart from SND20 and CMD-3, with the largest band including

the additional systematic effect due to the BaBar–KLOE tension.
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Preliminary analysis of the CMD-3 measurement
GC, Hoferichter and Stoffer, arXiv:2308.04217

1010× aππ
µ |≤1GeV

aππ,win
µ |≤1GeV

χ2/dof

SND06 497.9(6.1)(4.2) 139.6(1.8)(1.0) 1.09
CMD-2 495.8(3.7)(4.0) 139.4(1.0)(0.8) 1.01
BaBar 501.9(3.3)(2.2) 140.6(1.0)(0.7) 1.17
KLOE” 490.9(2.1)(1.7) 137.1(0.6)(0.4) 1.13

BESIII 490.4(4.5)(3.0) 137.8(1.3)(0.4) 1.01
SND20 495.1(5.3)(2.9) 139.2(1.5)(0.4) 1.88
CMD-3 513.7(1.1)(4.0) 144.0(0.3)(1.1) 1.09

Combination 494.8(1.5)(1.4)(3.4) 138.3(0.4)(0.3)(1.1) 1.21

Combination: NA7 + all data sets other than SND20 and CMD-3

∆aHVP, LO
µ (CMD-3-Comb.) = 18.9(5.1) , ∆awin

µ (CMD-3-Comb.) = 5.7(1.5)

∆aHVP, LO
µ (BMW-WP20) = 14.4(6.8), ∆awin

µ (Lattice-WP20) ∼ 6.5(1.5)
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Preliminary analysis of the CMD-3 measurement
GC, Hoferichter and Stoffer, arXiv:2308.04217

Discrepancy aππ
µ

∣∣
[0.60,0.88] GeV aππ

µ

∣∣
≤1 GeV int window

SND06 1.8σ 1.7σ 1.7σ
CMD-2 2.3σ 2.0σ 2.1σ
BaBar 3.3σ 2.9σ 3.1σ
KLOE′′ 5.6σ 4.8σ 5.4σ
BESIII 3.0σ 2.8σ 3.1σ
SND20 2.2σ 2.1σ 2.2σ

Combination 4.2σ [6.1σ] 3.7σ [5.0σ] 3.8σ [5.7σ]
Uncertainties in brackets exclude KLOE-BaBar systematic eff.

Combination: NA7 + all data sets other than SND20 and CMD-3

∆aHVP, LO
µ (CMD-3-Comb.) = 18.9(5.1) , ∆awin

µ (CMD-3-Comb.) = 5.7(1.5)

∆aHVP, LO
µ (BMW-WP20) = 14.4(6.8), ∆awin

µ (Lattice-WP20) ∼ 6.5(1.5)
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Origin of the differences
GC, Hoferichter and Stoffer, arXiv:2308.04217

χ2/dof p-value Mω [MeV] 103 × Reϵω δϵ [◦]

SND06 1.09 33% 782.12(33)(2) 2.03(5)(2) 8.6(2.3)(0.3)
CMD-2 1.01 46% 782.65(33)(4) 1.90(6)(3) 11.5(3.1)(1.0)
BaBar 1.17 3.0% 781.89(18)(4) 2.06(4)(2) 0.4(1.9)(0.6)
KLOE′′ 1.13 11% 782.45(24)(5) 1.96(4)(2) 6.1(1.7)(0.6)
BESIII 1.01 45% 783.07(61)(2) 2.03(19)(7) 17.8(6.9)(1.2)
SND20 1.88 3.8 × 10−3 782.34(28)(6) 2.07(5)(2) 9.9(2.4)(1.3)
CMD-3 1.09 20% 782.33(6)(3) 2.08(1)(2) 7.4(4)(3)

Combin. 1.21 1.4 × 10−4 782.07(12)(5)(8) 1.99(2)(2)(0) 3.8(0.9)(0.8)(1.6)

ππ phase shift consistent among all experiments:

Combination (2018) ϕ0 = 110.4(1)(7)◦ ϕ1 = 165.9(0.1)(2.4)◦

CMD-3 ϕ0 = 110.7(1)(..)◦ ϕ1 = 166.2(1)(..)◦

and with earlier estimate (πN → ππN): Caprini, GC, Leutwyler (12)

ϕ0 = 108.9(2.0)◦ ϕ1 = 166.5(2.0)◦
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Origin of the differences
GC, Hoferichter and Stoffer, arXiv:2308.04217 GC, Hoferichter, Kubis, Stoffer (22)
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Origin of the differences
GC, Hoferichter and Stoffer, arXiv:2308.04217

χ2/dof p-value Mω [MeV] 103 × Reϵω δϵ [◦]

SND06 1.09 33% 782.12(33)(2) 2.03(5)(2) 8.6(2.3)(0.3)
CMD-2 1.01 46% 782.65(33)(4) 1.90(6)(3) 11.5(3.1)(1.0)
BaBar 1.17 3.0% 781.89(18)(4) 2.06(4)(2) 0.4(1.9)(0.6)
KLOE′′ 1.13 11% 782.45(24)(5) 1.96(4)(2) 6.1(1.7)(0.6)
BESIII 1.01 45% 783.07(61)(2) 2.03(19)(7) 17.8(6.9)(1.2)
SND20 1.88 3.8 × 10−3 782.34(28)(6) 2.07(5)(2) 9.9(2.4)(1.3)
CMD-3 1.09 20% 782.33(6)(3) 2.08(1)(2) 7.4(4)(3)

Combin. 1.21 1.4 × 10−4 782.07(12)(5)(8) 1.99(2)(2)(0) 3.8(0.9)(0.8)(1.6)

ππ phase shift consistent among all experiments:

Combination (2018) ϕ0 = 110.4(1)(7)◦ ϕ1 = 165.9(0.1)(2.4)◦

CMD-3 ϕ0 = 110.7(1)(..)◦ ϕ1 = 166.2(1)(..)◦

⇒ Main difference due to inelastic contributions
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Theory uncertainties in Fπ(s)V overestimated?

Slide by Peter Stoffer, MUonE Workshop, Mainz June 3-7, 2024
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Present status of (g − 2)µ: experiment vs SM
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Dispersive treatment of FSR in e+e− → π+π−

Work in collab. with M. Cottini, J. Monnard and J. Ruiz de Elvira

Goal: pion vector FF in QCD+QED at O(α): F V ,α
π :

DiscF V ,α
π (s)

2i
=

(2π)4

2

∫
dΦ2F V

π (s)× Tα∗
ππ (s, t)

+
(2π)4

2

∫
dΦ2F V ,α

π (s)× T ∗
ππ(s, t)

+
(2π)4

2

∫
dΦ3F V ,γ

π (s, t)T γ∗
ππ(s, {ti})

Approximation: only 2π intermediate states for F V ,γ
π and T γ

ππ:

All subamplitudes known ⇒ Tα
ππ, F V ,γ

π and T γ
ππ ✓
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Evaluation of F V ,α
π

Having evaluated all the following diagrams J. Monnard, PhD thesis 2021
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Evaluation of F V ,α
π

Having evaluated all the following diagrams J. Monnard, PhD thesis 2021

the results for σ(e+e− → π+π−(γ)) look as follows: Preliminary!

Dispersive, triangle only

F x sQED

0.2 0.4 0.6 0.8 1.0
s (GeV2 )

-0.02

0.02

0.04

0.06

σ
α /σ0

Red curve corresponds to Hoefer, Gluza, Jegerlehner (02) and Campanario et al. (19) (?)
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Evaluation of F V ,α
π

Having evaluated all the following diagrams J. Monnard, PhD thesis 2021

the results for σ(e+e− → π+π−(γ)) look as follows: Preliminary!

Dispersive, all contributions
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Evaluation of F V ,α
π

Having evaluated all the following diagrams J. Monnard, PhD thesis 2021

the results for σ(e+e− → π+π−(γ)) look as follows: Preliminary!

Dispersive, all contributions

F x sQED

0.2 0.4 0.6 0.8 1.0
s (GeV2 )
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0.06

σ
α /σ0

⇒ No large effects
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Outline

Introduction: (g − 2)µ in the Standard Model

Hadronic Vacuum Polarization contribution
Data-driven approach
Data-driven vs. Lattice
CMD3 measurement of e+e− → π+π−

Relevance of radiative corrections?

Hadronic light-by-light

Conclusions and Outlook
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The HLbL tensor
HLbL tensor:

Πµνλσ = i3
∫

dx
∫

dy
∫

dz e−i(x·q1+y·q2+z·q3)⟨0|T
{

jµ(x)jν(y)jλ(z)jσ(0)
}
|0⟩

q4 = k = q1 + q2 + q3 k2 = 0

General Lorentz-invariant decomposition:

Πµνλσ = gµνgλσΠ1+gµλgνσΠ2+gµσgνλΠ3+
∑

i,j,k ,l

qµ
i qν

j qλ
k qσ

l Π
4
ijkl+. . .

consists of 138 scalar functions {Π1,Π2, . . .}, but in d = 4 only
136 are linearly independent Eichmann et al. (14)

Constraints due to gauge invariance? (see also Eichmann, Fischer, Heupel (2015))

⇒ Apply the Bardeen-Tung (68) method+Tarrach (75) addition
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Gauge-invariant hadronic light-by-light tensor

Applying the Bardeen-Tung-Tarrach method to Πµνλσ one ends
up with: GC, Hoferichter, Procura, Stoffer ≡ CHPS (2015)

▶ 43 basis tensors (BT) in d = 4: 41=no. of helicity amplitudes

▶ 11 additional ones (T) to guarantee basis completeness everywhere

▶ of these 54 only 7 are distinct structures

▶ all remaining 47 can be obtained by crossing
transformations of these 7: manifest crossing symmetry

▶ the dynamical calculation needed to fully determine the
HLbL tensor concerns these 7 scalar amplitudes

Πµνλσ =
54∑

i=1

Tµνλσ
i Πi
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HLbL contribution: Master Formula

aHLbL
µ =

2α3

48π2

∫ ∞

0
dQ1

∫ ∞

0
dQ2

∫ 1

−1
dτ

√
1 − τ2

12∑

i=1

Ti(Q1,Q2, τ)Π̄i(Q1,Q2, τ)

Qµ
i are the Wick-rotated four-momenta and τ the four-dimensional

angle between Euclidean momenta: Q1 · Q2 = |Q1||Q2|τ
The integration variables Q1 := |Q1|, Q2 := |Q2|.

GC, Hoferichter, Procura, Stoffer (15)

▶ Ti : known kernel functions
▶ Π̄i are amenable to a dispersive treatment:

imaginary parts are related to measurable subprocesses
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“Amenable to a dispersive treatment”

μ

ν

λ

σ

(αβ ij..., ...)

+ crossed diagrams

ImΠµνλσ =
∑

αβ...,ij...

Γµναβ...ij... Γλσαβ... ⋆ij...

▶ projection on the BTT basis for Πµνλσ ⇒ DR for Πi

▶ result for Πµνλσ (and aµ) depends on the basis choice
unless a set of sum rules is satisfied CHPS 17

▶ even for single-particle intermediate states this is in
general not the case, other than for pseudoscalars
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Improvements obtained with the dispersive approach

Contribution PdRV(09) N/JN(09) J(17) WP(20)
Glasgow consensus

π0, η, η′-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
π, K -loops/boxes −19(19) −19(13) −20(5) −16.4(2)

S-wave ππ rescattering −7(7) −7(2) −5.98(1.20) −8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars − − −
}

− 1(3)tensors − − 1.1(1)
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)

u, d, s-loops / short-distance − 21(3) 20(4) 15(10)

c-loop 2.3 − 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

▶ significant reduction of uncertainties in the first three rows
CHPS (17), Masjuan, Sánchez-Puertas (17) Hoferichter, Hoid et al. (18), Gerardin, Meyer, Nyffeler (19)

▶ resonances and short-distance constraints need to be improved
Danilkin, Hoferichter, Stoffer (21), Lüdtke, Procura, Stoffer (23), Melnikov, Vainshtein (04), Nyffeler (09),
Bijnens et al. (20,21), Cappiello et al. (20), Leutgeb, Rebhan (19,21)
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Recent progress on HLbL

▶ Pseudoscalars:
dispersive analysis for η(

′) almost completed → talk by S. Holz

▶ Axials:
▶ TFF analyzed in terms of VMD, including phenom.

constraints Hoferichter, Kubis, Zanke ’23

▶ Optimized basis (no singularities, ok for pion box)
Hoferichter, Stoffer, Zillinger ’24

▶ Tensors: no proper basis for general kinematics
⇒ dispersion relation for g − 2 kinematics (q4 = 0)

Lüdtke, Procura, Stoffer ’23

▶ SDC:
▶ complete analysis in QCD at NLO in all regimes

(Melnikov-Vainshtein and beyond)
Bijnens, Hermansson-Truedsson, Rodríguez-Sánchez, ’23 and in progress, → talk by J. Bijnens

▶ hQCD models have been further refined
(axial-vector contrib. ≳ than in WP) Leutgeb, Mager, Rebhan ’23
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Situation for HLbL
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Conclusions

▶ Data-driven evaluation of the HVP contribution (WP20):
0.6% error ⇒ dominates the theory uncertainty

▶ Dominant contribution to HVP: ππ (<1 GeV). WP20 based on:
CMD-2, SND06, BaBar, KLOE, BES-III
New puzzle: measurement by CMD-3 significantly higher!

▶ The BMW lattice calculation [BMW(20,24)] has reached a similar
precision but differs from the dispersive one (=from e+e− data).
Discrepancy with experiment ↘ below 1σ

▶ Intermediate and SD windows of BMW have been confirmed by
several other lattice collaborations (Aubin et al., Mainz, ETMc, RBC/UKQCD,

Fermilab-HPQCD-MILC) and disagrees with data-driven [other than CMD-3]

LD window of BMW recently also confirmed (RBC/UKQCD)

▶ Evaluation of the HLbL contribution based on the dispersive
approach: 20% accuracy. Two recent lattice calculations
[RBC/UKQCD(23), Mainz(21)] agree with it
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Outlook

▶ The Fermilab experiment aims to reduce the BNL uncertainty by
a factor four ⇒ final result in early 2025

▶ Improvements on the SM theory/data side:
▶ Situation for HVP data-driven urgently needs to be clarified:

• New CMD-3 result—after thorough scrutiny—is a puzzle
• Forthcoming measur./analyses: BaBar, Belle II, BESIII, KLOE,SND

• Model-independent evaluation of RadCorr underway
(but unlikely the culprit)

• Monte Carlo codes used by experiments: what is their role?
• MuonE will provide an alternative way to measure HVP

▶ HVP lattice:
calculations w/ precision ∼ BMW for aHVP, LO

µ expected soon

▶ HLbL: goal of ∼ 10% uncertainty within reach
(both data-driven and lattice)
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Future: Muon g − 2/EDM experiment @ J-PARC

Credit: J-PARC
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