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Gauge Theory Bootstrap

theoretical/numerical computation, not using experimental scattering data as input



Gauge Theory Bootstrap: summary
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look for amplitudes/form factors that: 1, satisfy generic consistency conditions (analyticity, crossing, unitarity)

2, match low energy behavior (chiSB) and high energy (pQCD)
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look for amplitudes/form factors that

test with
Ny=2 N.=3
compare with
experiments

changeable in
the approach

. 1, satisfy generic consistency conditions (analyticity, crossing, unitarity)

2, match low energy behavior (chiSB) and high energy (pQCD)
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S-matrix bootstrap parameterization

modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016&2017]

7Td(pét) 7Tc(p3)
% <p17 a; p2, blT‘pg C; P4, d> - A<S7 t7 u)dab(scd s A<t S, 'LL)(SaC(de + A(u t? S)(Sadé‘bc

ﬂ_a(pl) 7Tb<p2)
Crossing A(s,t,u) = A(s,u,t) Analyticity — cuts s,t,u >4
m, = 1
s+t+u =4



S-matrix bootstrap parameterization

modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016&2017]

7Td(pél) 7Tc(pS)
<p17 a; p2, blT‘p‘g, C; P4, d> — A(S7 t7 u)éabécd s A<t S, u)dacdl)d + A(U t'/ S)5Gd5bc

ﬂ_a(pl) 7Tb<p2)
Crossing A(s,t,u) = A(s,u,t) Analyticity — cuts s,t,u >4
my; = 1

nonperturbative parameterization encoding Analyticity and Crossing: sti+u=4

A(s,t,u) /d”L’/ pi(E, y) + P y) + p2(2, y) +subtraction terms
e (@ —sjly —1) (@—slyg—u (=—Oy—u



S-matrix bootstrap parameterization
B

SU(2)v isospin  Symmetry fgI /sg(s) = 1+imy /2 ; 4f£1(3) s>4 VO 1

1
1(s) = i/_clicos 0P, (cos )T (s,1) \4 1S{(st)| <1  Unitarity

feI (O <5< 4) ﬂ convex constraints

real linear functionals of bootstrap variables { Pa=12(T,Y), ... }

analytic function of s




S-matrix bootstrap parameterization
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SU(2)v isospin  Symmetry fgI /Sgl(s) =1+ imy/ = ; 4fg[(5) s>4 VIO 1

I AR AR o
HORE / d cos OP,(cos 0)T" (s, 1) \ 1SI(s*)| <1 Unitarity
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analytic function of s / éI (0 <8< 4) ﬂ convex constraints

real linear functionals of bootstrap variables {pa—12(2,y), ...}

convex space of generic amplitudes

Symmetry+Analyticity+Crossing+Unitarity

maximize linear functional of bootstrap variables {p, ,,...}
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fols = 3)

plot a two-dimensional projection
of the space of amplitudes under
SU(2) symmetry, analyticity, crossing, unitarity
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Analyticity+Crossing+Unitarity:

S-matrix bootstrap
nonperturbative parameterization

EFT: tree level amplitudes




Low energy matching with EFT

. . L fos o csmi B
interaction:  £i™ = P ((77 L0, 7)? — 79,7
4 s —m?
tree-level amplitude:  Ay,.o(s,t,u) = — -
g tre ) T 32w f2
225 —m?2 2 s —4m?
SO0:  foswee(s) = = P11 fliee(s) ==

o 32w f2

good in the unphysical region (very low energy)

AUz T
8#))+24f7%

m2

[Weinberg,

82 fOQ,tree(S) -

0<s<4m?

(7*)?
1966]

_22m2 —s
T 32w f2

SACACAALAA,

fi

A

xSB



Low energy matching with EFT
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interaction: L4 = —((7 - ,7)? — (0,7 - 9'7) ) + 555 (72
, 45 —m?

tree-level amplitude:  Ayc.(s,t,u) = — a [Weinberg, 1966]
T 32w f2

225 —m? 25 — 4m? 22m2 — s
. 0 _ = Ly . 1 _ = ™ . 2 P ™
SO fO,tree(S) - T 327.(.](‘7% P1 . fl,tree(s) T 967Tf7% 82 fO,tree(S) /e 3271'](3
good in the unphysical region (very low energy) 0 < s < 4m?>
i s
numerically: requires pw in bootstrap match tree level pw in the very low energy unphysical region 1t

f(())(S) = f(()),tree(S) fll(s) = fll,tree(s) fg(S) = fg,tree(s)

0<s<4m?
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pQCD: SVZ sum rules
" Form factor asymptotics

Analyticity+Crossing+Unitarity:

S-matrix/form factors bootstrap
nonperturbative parameterization

EFT: tree level amplitudes




S-matrix/form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

1) = |p1,p2)in » [¥2) = |p1, P2)out , |13) = /daze_i(le“p?)'xO(x)]O)

1 S F
positive semidefinite matrix (g |p) = S 1 F*| =0
FrF p



S-matrix/form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

Y1) = |p1,p2)in,  |¥2) = |P1,P2)out |ths) = / dze™ P72 2O (1)|0)

1S F
positive semidefinite matrix (g |p) = S 1 F*| =0
F* F p
/ . ) .
2-particle form factor: out (P1, P2| O(0)]|0) = F(s) spectral density: / (27:;4 e'P2(0|0"(2)O0(0)[0) = p(s)
|i analytic function of s supportedat s > 4
F(s) F(s) = l/ demF(x) +subtractions
T 4 r — S
/0



Gauge theory current correlators

’in>P,I,é ’OUt>P,I,E OPJ,E‘0>

<in|P/,1,£ 1 SEI(S) fej

{out]p 1 Si*(s) 1. F =0 s>4 VI
0L, \ F FH S I | —
T T e pf(s) — 2ImH€(:L- + ZE)

construct operators from gauge theory with desired quantum numbers

e.g. vector (electromagnetic) current I ()
1

: / L P 0|7 {5 (20 (0)} [0)
PL o jble) = (e —dy¥d)




Gauge theory current correlators & SVZ expansion

’in>P,I,€ ’OUt>P,I,Z Op.1,4|0) |ﬁ
<in|P/,1,e 1 Sé(s) Jrel
foutlpy | Si*(s) 1 F | =0 s>4 VLT 1(s)
0Ly, \ F FH S | P —
............................................ pf(s) =9 ImHE (.CU + ZE) A
construct operators from gauge theory with desired quantum numbers
i : P .
e.g. vector (electro:vagnetlc) current Il(s) = z/ (2ﬁ)4€ P (O|T {];f-(x)]o(o)} 10)
Pl : jb(z) = =(uy"u — dy"d) S
2 : pQCD =

large spacelike momenta — asymptotic free region with pQCD computation

1 1 Ik Qg S
Hl = — — (1 5) ] o
1(9) 2 (2m)4 { 472 T/ n MQ) }

. [Shifman, Vainshtein, Zakharov, 1979]
pQCD computation
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Finite energy sum rule

1S connect pQCD with bootstrap at s

contour integral 5" 11 (S) vanishes

SVZ
S0 27 ' /
/ p(x)a"de = —88+1/ e P HDPT (506)dgp
4 0
|

bootstrap variables

gauge theory information
linear constraints



Finite energy sum rule

1S connect pQCD with bootstrap at s
ot T 131{ contour integral " I1(s) vanishes
\ svz
."’, _____ BZZT ______ ‘i': 50 21
a ] / p(z)z"dz = —s§t / M VPTI(s0e™ ) dip
' 1 | 0 |
S bootstrap variables gauge theory information
linear constraints

e.g. vector (electromagnetic) current

P1 . /-SO (2)z"dx = ! i <1 83 QS) 4 n>-1
. ,38”,4'011“ T 2(2m)4 | 27(n 4+ 2) T S




Asymptotic behavior of form factor from pQCD

perturbative QCD also controls asymptotic behavior of form factors

q
e.g. electromagnetic FF  (m(p2)|J4, (0)|7(p1)) = () + 5) Fr(q) \\\ N
q=(p2 —p1) py 4 4
\\ .
16ma(s) f2
+++++ [T nostet
s
[Lepage, Brodsky, 1979] evaluate to estimate

in practical numerical implementation
suffices to require smallness above s = s | F(s > s0)|] Se



.. o005 o1 o5 7o
[ ] ]

~0.0050  *. N\l ".,
~0.010}

L R . (] ’ . - ®
~0.015} i ‘e,

I ®e . e " examine extremal numerical amplitude:

Z ‘es . ‘e ° phase shifts in a region
-0.020} ., K : i

: ., e, near physical f_ point
~0.025!

® ® . ..

[ Gauge Theory Bootstrap ‘oo, e,

~0.030 - Ny

- (S-matrix/Form Factor+chiSB+SVZ+asymptotics) *e NG,




:

200¢ SO ; ¢ i)f\ﬁ
150 kaon production

0 *  notfor N; =2
100; 50<8) 77Q!o§

; ¢"wﬂ"§ ’
! gt o meson
04 06 08 10 15 energy (GeV)
at,

Gauge Theory Bootstrap

phase shifts up to 1.2 GeV

experimental data (gray dots)
[Protopopescu et al, 1973]
[Losty et al, 1974]
pheno fit (gray line)
[Pelaez, Yndurain, 2005]
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Low energy parameters: threshold expansions

scattering lengths and effective range parameters

Rof () ‘= 212 (af bk 1) o VT
W GTB CGL Y

ay) | 0.16 | 0.178,0.182 0.220 £ 0.005 0.230 £ 0.010
al?) | -0.046 | -0.0369, -0.0378 | —0.0444 £ 0.0010 | —0.0422 % 0.0022
b | 0.18 | 0.287, 0.290 280 + 0.001 0.268 4+ 0.010
bs? | -0.092 | -0.064,-0.066 | —0.080£0.001 | —0.071 £ 0.004
a" | 31 28.0, 28.4 37.0+£0.13 | 38.1+1.4(x107%)
bV |0 86, 3.37 BT L0183 | 475 L0186 (x107%)
ay) | 0 12.6, 12.3 17.5 +0.3 18.0 £ 0.2 (x107)
o 87, 2.81 1.70 £ 0.13 2.2+0.2 (x107%)

pion charge radii

1
= FJ(0) 1+68<r2>§+...

1
= 1+Es<r2>§+...

GTB

Exp. fits

0.64, 0.61
0.388, 0.381

0.61 & 0.04 fm?
0.439 =+ 0.008 fm?




Low energy parameters: chiral Lagrangian coefficients

1
144073 {

I

- 53
B

calculate the chiral @po =
Lagrangian coefficients i 7 5l 103
apy = m{1+2—m}+...
S - 13
FO(S) = 1+W <l4_ﬁ> +
S s
GTB GL Bij CGL
[; | 0.92,0.93 | —2.3+3.7 —1.7+1.0 —0.44+0.6
I 4.1, 4.0 60113 6.1 0.5 43401
I, | 47, 46 | 43409 4.440.3 4.440.2
lg | 14.3,14.1 | 16.5+1.1 | 16.0+ 0.5+ 0.7

[Gasser Leutwyler, 1984]




p(770) meson as pole on
the second sheet of S (s)

\/ Im[s] (MeV)
Ls 60

0
St(s) +00
. 407
' 30
1S71(s)] 20
10
900
GTB PDG \/ Re[s] (MeV)
Re(,/5,) | 829, 832 | 761 — 765 + 0.23 MeV
Im(,/s,) | 63, 64 71 — 74 + 0.8 MeV




Vector (electromagnetic) form factor and p(770) meson

1
L]
gsen  be==== Breit-Wigner
8 A —— Gounaris—Sakurai
----- Breit-Wigner

—— Gounaris-Sakurai

Breit-Wigner form

m2

Fll(S):_ "

s am, 1,00 — dm2)

GTB PDG

04 i 5 - —[s@ev) | mp | 836,830 | 775+ 0.23 MeV
T, | 111, 111 | 149.1 £ 0.8 MeV

N
Q
)
N
3
I
=
o
S
Ne)

couplings

4m2 12
m m
F — P 1 — s
gpmr48ﬂ'[ m]



Gravitational form factor and f2 meson

IF%|

form factor of stress energy tensor

GTB PDG

1165, 1283 | 1275.4 £ 0.6 MeV
151, 201 186.6 &= 2.3 MeV

05 1.0 15 2.0 Vs (Gev)



Gauge Theory Bootstrap

theoretical/numerical
computation

good track for solving
QCD (gauge
theories)
improvements to
make: more precise
and robust

fast: 20min on

average laptop

Ancillary files (details):
e GTB_numerics.m
e GTB_numerics.nb



Thank you |



