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Ein Blick in den magnetischen Speicherring des g-2-Experiments am Fermilab, in dem die Myonen

fast mit Lichtgeschwindigkeit kreisen.
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Die Suche nach «neuer Physik» ist seit vielen Jahren das Leitmotiv von

Teilchenphysikern. Unter «neu» verstehen sie alles, was über das

Standardmodell der Teilchenphysik hinausgeht. Dieses Modell beschreibt die

Vor zwei Wochen bekam das Standardmodell der Teilchenphysik
nasse Füsse. Jetzt steht ihm das Wasser bis zum Hals

Am Fermilab bei Chicago haben Physiker das magnetische Moment des Myons mit

bisher unerreichter Präzision vermessen. Das Ergebnis erhärtet den Verdacht, dass es im

Mikrokosmos bisher unbekannte Teilchen oder Kräfte geben könnte.
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Hadronic	light-by-light	scaRering
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Hadronic	models	
	+	pQCD

La_ce	QCD	
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Data-driven

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1;	Colangelo	et	al.,	arXiv:2203.15810]

Hadronic	models,	data-driven	method	and	
La_ce	QCD	produce	compa$ble	results	
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E989	@	Fermilab:

New	Physics	on	the	horizon?
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[Borsányi	et	al.,	Nature	593	(2021)	7857]White	paper	es$mate	challenged	by	la_ce	QCD	calcula$ons	

and	tensions	among	cross	sec$on	measurements	for	e+e− → hadrons [Ignatov	et	al.,	Phys	Rev	D109	(2024)	112002]
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Integral	representa$ons:
<latexit sha1_base64="2EpHg08XliTY1B4viW4MS+4ztuw="></latexit>

aLO, hvp

µ =
✓↵
⇡

◆2 Z 1

0

dt K̃(t) G(t)

<latexit sha1_base64="yjDHivJIJhimhSDHeJ3dyFen/Oo="></latexit>

G(t) =
1

12⇡2

Z 1

m2
⇡0

d(
p

s) Rhad(s) s e�
p

st

Primary	observables:

<latexit sha1_base64="x6hDUCsUhRXexttqaY/7zX4bF1w="></latexit>

j em
µ (x) = 2
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La_ce	QCD	Primer

La_ce	spacing:											 					 						a, xμ = nμa, a−1 = ΛUV

Non-perturbaUve	treatment	of	strong	interacUon	via	regularised	Euclidean	path	integrals

Procedure:

• Choose	discre$sa$on	of	QCD	ac$on	

• Evaluate	 		via	Monte	Carlo	Integra$on:	

generate	ensembles	of	gauge	configura$ons	via	a	Markov	chain	

• Ensemble	average:			 											Sta$s$cal	error:				 		 	

• Extrapolate	observables	to	the	con$nuum	limit:	 		and	tune	quark	masses	to	physical	values

⟨Ω⟩

⟨Ω⟩ ≃ Ω Ω2 − Ω2 ∝ 1/N1/2
cfg

a → 0

<latexit sha1_base64="kTWNPYnUoXhl61/MtazW+Ah3KYE="></latexit>

h⌦i = 1
Z

Z Y

x, µ

dUµ(x) ⌦ e�S e↵
G [U]Expecta$on	value:

Hartmut	Wittig

PLQCD	Research	Goals

5

Calculate	key	quan--es	that	play	a	pivotal	role	in	the	quest	for	new	physics,	with	
unprecedented	precision,	using	numerical	simula-ons	of	QCD	on	a	space--me	la>ce

Quantum	Chromodynamics	(QCD)
• Gauge	theory	of	the	strong	interac7on	
• Perturba7on	theory	not	applicable	at	low	energies

La*ce	QCD
• Ab	ini-o	treatment	on	discre7sed	space-7me	
• Compute	observables	via	Monte	Carlo	integra7on

:		Gluon:		Quark

a

Challenges	for	La*ce	QCD	calcula9ons
• Noise	problem:	exponen7al	growth	of	sta7s7cal	fluctua7ons	
• Bias	from	unsuppressed	excited-state	contribu7ons	
• Extrapola7on	to	con7nuum	limit:		a → 0
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La_ce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
Time-momentum	representa$on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]

( :	known	analy$cally)K̃(t)

• No	reliance	on	experimental	data,	except	for	simple	input	quan$$es	 	scale	se_ng,	calibra$on	

• Not	sensi$ve	to	exclusive	hadronic	channels

→

• Exponen$ally	increasing	sta$s$cal	noise	as	t → ∞
• Correct	for	finite-volume	effects

• Control	discre$sa$on	effects	(“la_ce	artefacts”)

• Include	isospin-breaking	correc$ons

Challenges
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Controlling	the	long-distance	tail	of		G(t)

9

• Long-distance	tail	of	the	light	quark	contribu$on	to	 :	
limi$ng	factor	for	overall	sta$s$cal	precision	

• Correlator	dominated	by	isovector	two-pion	contribu$on

G(t)

Strategies:

• Dedicated	calcula$ons	of	the	spectrum	in	isovector	channel	
and/or	pion	form	factor	Fπ(ω)

[Mainz	2019]
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Figure 10: Comparison of a conventional random source based technique, as we applied it in our earlier
work [47], and a low mode utilizing technique of this work on a � = 3.9200 4stout ensemble for the case
of [alight

µ
]0 upper and lower bounds (see Section 13).

where the kernelK(t; aQmax, amµ) is given by Equations (65) and (68). It depends on the gauge ensemble
only through the lattice spacing. The perturbative contribution is given by

apert
µ

= 1010↵2

Z 1

Q2
max

dQ2

m2
µ

!

✓
Q2

m2
µ

◆h
⇧̂pert(Q2)� ⇧̂pert(Q2

max)
i
. (70)

In Reference [47] we demonstrated on our 4stout data set that switching to the perturbative calculation
can be safely done for Q2

max & 2 GeV2, ie. from this point on aµ does not depend on the choice of Qmax.
In this work we use Q2

max = 3 GeV2. The perturbative part for this choice was computed in [47] and is
given in Section 24, where the final result for aµ is put together.

We also consider a modification of Equation (65), in which the current propagator is restricted to a
certain region in time, from t1 to t2. To achieve this, we multiply the propagator by a smooth window
function [48]

W (t; t1, t2) ⌘ ⇥(t; t1,�)�⇥(t; t2,�) with ⇥(t; t0,�) ⌘ 1
2 +

1
2 tanh[(t� t0)/�] (71)

or equivalently we replace the weight factor as K(t) ! K(t)W (t). We will focus on a particular window
defined in Reference [48], with parameters t1 = 0.4 fm, t2 = 1.0 fm and � = 0.15 fm. The corresponding
contribution to the magnetic moment of the muon is denoted by aLO�HVP

µ,win and for brevity we use aµ,win =

aLO�HVP
µ,win ⇥ 1010. We can do the same partitioning as we did with aµ in Equation (67). We will use those

notations extended by a win subscript.

12 Noise reduction techniques

In this section we consider quantities at the isospin-symmetric point; noise reduction techniques for the
isospin-breaking part are discussed in Section 14. For the strange and charm connected contributions,
Cstrange

0 and Ccharm
0 , and for the disconnected contribution Cdisc

0 we use the same measurements that
are presented in our previous work [47]. A new measurement procedure is implemented for the light

27

[BMWc	2020]

<latexit sha1_base64="WK+04WC+XCug3RPqSdTP2KoVJps="></latexit>

0  G(t)  G(tc)
G⇡⇡(t)
G⇡⇡(tc)

, t � tc

• “Bounding	method”:

• Noise-reduc$on	methods:	
AMA,	LMA,	truncated	solver	

• Machine	Learning [H.W.	@	La_ce	2024]
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Controlling	finite-volume	correc$ons

10

Sizeable	correc$on	to	light-quark	connected	contribu$on:		 	for		≈ 3 % mphys
π L ≈ 4

<latexit sha1_base64="E5VXLm9nxFceRGPKOqIJ9vk1lRw="></latexit>

G(t, L) t!1
=
X

n

|An|2 e�!nt
<latexit sha1_base64="TBvrXStBDDRhkhyUtmKTBtYyV+s="></latexit>

G(t,1) =
Z 1

0
d!!2⇢(!2) e�!|t|

Both	 		and		 		can	be	related	to	the	pion	form	factor		 				 					|An | ρ(ω2) Fπ(ω) ⇒ G(t, ∞) − G(t, L)

Direct	la_ce	calcula$on	by	BMWc:

Setup Scale FV Noise IB Cont. Window

FV: lattice

FV correction in two steps

aµ(∞,∞)− aµ(Lref ,Tref) =

= [aµ(Lbig,Tbig)− aµ(Lref ,Tref)]4HEX+

+[aµ(∞,∞)− aµ(Lbig,Tbig)]NNLO

1. aµ(Lbig,Tbig)− aµ(Lref ,Tref)

Choose action with small taste splitting

4 steps of HEX smearing
DBW2 gauge action
β = 0.73, a = 0.112 fm
Mπ = 104MeV and Mπ = 121MeV
Interpolate to Mπ = 110MeV

−→ M
−2
π,HMS ≡

1
16

∑

α

M
−2
π,α = M

−2
π0,phys.

Lref = 6.272 fm Tref = 3
2Lref

Lbig = Tbig = 10.752 fm
10.752fm

9.
40

8f
m

6.272fm

10
.7
52

fm

563x84 964

T

L

 640

 650

 660

 670

 680

 690

 700

 3  3.5  4  4.5  5  5.5

[a
µlig

ht
] 0

tc[fm]

96x96,hi
96x96,lo
56x84,hi
56x84,lo

aµ(Lbig,Tbig)− aµ(Lref ,Tref) = 18.1(2.0)stat(1.4)cont

17 Nov 2020 B. C. Tóth | BMWc aLO-HVP
µ from LQCD 9

Other	analy$c	methods:
• Chiral	Perturba$on	Theory	

• Expansion	in	pion	winding	number [Hansen	&	Patella,	2019/20]

[Aubin	et	al.,	2015]

[Meyer,	PRL	107	(2011)	072002;	Francis	et	al.,	PRD	88	(2013)	054502]
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Controlling	finite-volume	correc$ons

10

Sizeable	correc$on	to	light-quark	connected	contribu$on:		 	for		≈ 3 % mphys
π L ≈ 4
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n

|An|2 e�!nt
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Both	 		and		 		can	be	related	to	the	pion	form	factor		 				 					|An | ρ(ω2) Fπ(ω) ⇒ G(t, ∞) − G(t, L)

Correc$on/10–10 Comment

17.8 Gounaris-Sakurai	model	for	

15.7 ChPT	at	NNLO

16.3 Expansion	in	pion	winding	number

18.1(2.4) Direct	la_ce	calcula$on

Fπ(ω)

Other	analy$c	methods:
• Chiral	Perturba$on	Theory	

• Expansion	in	pion	winding	number [Hansen	&	Patella,	2019/20]

[Aubin	et	al.,	2015]

[Meyer,	PRL	107	(2011)	072002;	Francis	et	al.,	PRD	88	(2013)	054502]

Direct	la_ce	calcula$on	by	RBC/UKQCD:Checks of finite-volume behavior against Hansen-Patella (HP)
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Common	discre$sa$ons	of	the	quark	ac$on

11

Computa$onal	cost	depends	significantly	

on	the	chosen	discre$sa$on

Rooted	staggered	quarks:	
• remnant	fermion	doublers	—	“tastes”	

• correct	analy$cally	for	taste-induced	
la_ce	artefacts	

• used	by:	
BMW,	Fermilab-HPQCD-MILC,	ABGP,…

Wilson	quarks:	
• no	doublers;	chiral	symmetry	broken	explicitly	

• “excep$onal	configura$ons”:	
nega$ve	eigenvalues	of	Wilson-Dirac	operator	

• used	by:	Mainz/CLS,	ETM,	PACS

Domain	wall	/overlap	quarks:	
• no	doublers;	chiral	symmetry	breaking	exponen$ally	small	

• live	in	five	dimensions	(dwf)	

• evaluate	sign	func$on	of	“conven$onal”	ac$on	(ovlp)	

• used	by:	RBC/UKQCD,	 QCD,…χ

“Fermion	doubling	problem”

computa$onal	cost
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660 680 700 720 740

ahvpµ · 1010

WP 20

BMW 17

RBC/UKQCD 18

ETMC 19

PACS 19

FHM 19

Mainz/CLS 19

BMW 20

LM 20

Aubin et al. 22

BMW-DMZ 24

RBC/UKQCD 24

Boito et al. 22

600 640 680

aud, connµ · 1010

HVP	in	La_ce	QCD

12

WP	20:														 					ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

ud,	conn:										aud, conn
μ = (632 − 642) ⋅ 10−10

no
t	u
se
d	i
n	W

P

m2
π /(4π fπ)2

				ahvp, LO
μ = (720.0 ± 12.6 ± 9.9) ⋅ 10−10 [2.2%]

Mainz/CLS	
• 	improved	Wilson	fermions	
• Four	la_ce	spacings:		 	

• Pion	masses		 	

• Isospin-breaking	correc$on	by	ETMC	added	to	error	

• Simultaneous	chiral	and	con$nuum	extrapola$on

O(a)
a = 0.085 − 0.050 fm

mπ = 130 − 420 MeV

[Gérardin	et	al.,	Phys.	Rev.	D	100	(2019)	014510]

-ra$o:R
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				ahvp, LO
μ = (707.5 ± 2.3 ± 5.0) ⋅ 10−10 [0.8%]

BMW	
• Rooted	staggered	fermions	
• Six	la_ce	spacings:		 		

• Physical	pion	mass	throughout	

• Correct	for	taste-breaking	before	con$nuum	extrapol’n	

• Final	result	selected	from	distribu$on	of	different	fits

a = 0.132 − 0.064 fm

[Borsányi	et	al.,	Nature	593	(2021)	7857]

0 0.005 0.01 0.015 0.02
a2[fm2]

SRHO(>0.4fm)
SRHO(>1.3fm)

SRHO(0.4-1.3fm)+NNLO(>1.3fm)
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640
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50k100k150k200k

alig
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#fits
Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Light-quark connected contribution
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ud,	conn:										aud, conn
μ = (632 − 642) ⋅ 10−10

no
t	u
se
d	i
n	W

P
BMW-DMZ	
• Rooted	staggered	fermions	
• Seven	la_ce	spacings:		 		

• Increased	sta$s$cs	

• Hybrid	calcula$on:	use	data-driven	method	to	es$mate	
long-distance	tail	of	 	for		 	and	reduce	
uncertainty	due	to	finite-volume	effects

a = 0.132 − 0.048 fm

G(t) t ≥ 2.8 fm

[Boccale_	et	al.,	arXiv:2407.10913]

				ahvp, LO
μ = (714.1 ± 2.2 ± 2.5) ⋅ 10−10 [0.5%]
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a ! 0 correction is within statistical noise! Result statistics dominated.
13 / 16

RBC/UKQCD	
• Domain	wall	fermions	
• Ten	ensembles:		 	

• Pion	masses:	 	

• Spectral	reconstruc$on	of	long-distance	tail	

• Verify	analy$c	calcula$on	of	finite-volume	correc$ons	
by	comparing	different	volumes

a = 0.114, 0.084, 0.073 fm
mπ = 135, 210, 280 MeV

[Ch.	Lehner	@	La_ce	2024]

				aud, conn
μ = (666.2 ± 4.3 ± 2.5) ⋅ 10−10 [0.8%]
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Window	observables

13

Restrict	integra$on	over	Euclidean	$me	to	sub-intervals	
		 		reduce/enhance	sensi$vity	to	systema$c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

[RBC/UKQCD	2018]

“Standard”	choice:
<latexit sha1_base64="hb8L+WsyHc6CKYtR9ilad3+/v6E="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

Intermediate	window:

• Finite-volume	correc$on	reduced	to	0.25%	

• Uncertainty	dominated	by	sta$s$cs

0
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sta$s$cal	noise	
finite-volume	effects

la_ce	artefacts

• Data-driven	approach	(excluding	CMD-3):
<latexit sha1_base64="IF27YvalylIhD0OgcOjQ/CA1mrI="></latexit>

ahvp, ID
µ ⌘ awin

µ = (229.4 ± 1.4) · 10�10

[Colangelo	et	al.,	Phys	LeM	B833	(2022)	137313]
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Intermediate	window	observable	in	La_ce	QCD
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[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]

Mainz/CLS:	 	improved	Wilson	quarksO(a)

4 | Nature | www.nature.com

Article

Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
aa[ ]µµ

iigghhtt
00

l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

BMWc:	Rooted	staggered	quarks

awin,ud
μ = (207.3 ± 0.4 ± 1.3) ⋅ 10−10

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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Intermediate	window	observable	in	La_ce	QCD

14

[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]

Mainz/CLS:	 	improved	Wilson	quarksO(a)
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BMWc:	2024	update

awin,ud
μ = (206.57 ± 0.25 ± 0.65) ⋅ 10−10

[Boccale_	et	al.,	arXiv:2407.10913]
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Window	observable:	La_ce	QCD	vs.	 -ra$oR

15

Lew:	dominant	light-quark	contribu$on	to	 	
Right:	including	sub-leading	contribu$ons

awin
μ

✻excluding	the	CMD-3	result

• Dominant	light-quark	contribu$on	confirmed	for	wide	
range	of	discre$sa$on	with	sub-percent	precision

• Significant	tension	with	results	based	on	the	 -ra$o✻R
-ra$o	es$mate:R

<latexit sha1_base64="kmexmZD9xsNbBKXBxzjHXSjMUSg="></latexit>

awin
µ = (229.4 ± 1.4) · 10�10

230 235 240

awin
µ ⇥ 10
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Colangelo et al. 22 (R-ratio)

Benton et al. 23 (R-ratio)

RBC/UKQCD 18

Aubin et al. 19
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Lehner & Meyer 20

ETMC 21

�QCD 22
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Mainz/CLS 22

ETMC 22

F-H-M 23

RBC/UKQCD 23

BMW-DMZ 24

200 206 212

awin, ud
µ ⇥ 10

10

La_ce	average:

(RBC/UKQCD	23,	ETMC	22,	Mainz/CLS	22,	BMW	20)

<latexit sha1_base64="vDNXR4PdqIVxabINMciA8URDKus="></latexit>

awin
µ = (236.0 ± 0.9) · 10�10

• Tension	of	 	in	the	window	observable	evaluated	from	 	data✻	and	four	la_ce	calcula$ons4.0σ e+e−
<latexit sha1_base64="llzwsnLjVgBWhqJT+lqCNJlu/xo="></latexit>

awin
µ

���hlati � awin
µ

���
e+e� = (6.60 ± 1.66) · 10�10 [4.0�]
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What	can	we	learn	from	 	?awin
μ
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Primary	observable	in	la_ce	calcula$ons:		vector	correlator	G(t)
<latexit sha1_base64="QKMt7Po/EOxuaMTHxD0JQz06hkM="></latexit>

G(t) ⌘ �a3
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X
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D
j em
k (~x, t) j em

k (0)
E
=

1
12⇡2

Z 1

m2
⇡0

d(
p

s) R(s)lat s e�
p

st

<latexit sha1_base64="zA5hdtzFDNaC0ovW2u++y7gM1nQ="></latexit>

awin
µ

���
lat > awin

µ

���
e+e� 			 	in	some	interval	of	⇒ R(s)lat > R(s)e+e− s

awinμ jmodel ¼ ðahvpμ ÞIDjmodel ¼ 231.9 × 10−10; ðB4Þ

ðahvpμ ÞLDjmodel ¼ 384.8 × 10−10; ðB5Þ

ahvpμ jmodel ¼ 672.7 × 10−10: ðB6Þ

Given the omission of the aforementioned channels, these
values are quite realistic.4 Here we only use the model to
provide the partition of the quantities above into three
commonly used intervals of

ffiffiffi
s

p
, in order to illustrate what

the relative sensitivities of these quantities are to different
energy intervals. These percentage contributions are given
in Table IV, along with the corresponding figures for the
subtracted vacuum polarization:

Π̄ðQ2Þ≡ ΠðQ2Þ − Πð0Þ ¼ Q2

12π2

Z
∞

0
ds

RðsÞ
sðsþQ2Þ

: ðB7Þ

The model yields for this quantity the value 385.5 × 10−4 at
Q2 ¼ 1 GeV2. We expect the fractions in the table to be
reliable with an uncertainty at the 5%–7% level.
The model value for the intermediate window is best

compared to the sum of Eqs. (33) and (34). The difference
is ð1.8% 1.4Þ × 10−10, which represents agreement at the
1.3σ level. The main reason the R-ratio model agrees better
with the lattice result than a state-of-the-art analysis [48] is
that the model does not account for the strong suppression
of the experimentally measured R ratio in the region 1.0 <ffiffiffi
s

p
=GeV < 1.5 relative to the parton-model prediction.

This observation suggests a possible scenario where the
higher lattice value of awinμ as compared to its data-driven
evaluation is explained by a too pronounced dip of the R
ratio just above the ϕ meson mass. In such a scenario,
the relative deviation between the central values of ahvpμ

obtained on the lattice and using eþe− data would be
smaller than for awinμ by a factor of about 1.5, given the
entries in Table IV. Indeed, it has been shown [50] that the

central values of the BMW Collaboration [20] cannot be
explained by a modification of the experimental RðsÞ ratio
below s ¼ 1 GeV2 alone.

2. Model estimate of ð∂=∂m2
KÞa

win;s
μ ðm2

π;m2
KÞ

In Ref. [62], we have used two closely related R-ratio
models for the strangeness correlator and the light-quark
contribution to the isoscalar correlator:

Rl
I¼0ðsÞ ¼

Aω

18
m2

ωδðs −m2
ωÞ þ

Nc

18
θðs − s0Þ

"
1þ αs

π

#
;

ðB8Þ

RsðsÞ ¼
Aϕ

9
m2

ϕδðs −m2
ϕÞ þ

Nc

9
θðs − s1Þ

"
1þ αs

π

#
;

ðB9Þ

with

ffiffiffiffiffi
s0

p ¼ 1.02 GeV;
ffiffiffiffiffi
s1

p ¼ 1.24 GeV; ðB10Þ

mω ¼ 0.78265 GeV, mϕ ¼ 1.01946 GeV and [100]

Aω

18
¼ 9π

α2
ΓeeðωÞ
mω

¼ 7.33ð24Þ
18

; ðB11Þ

Aϕ

9
¼ 9π

α2
ΓeeðϕÞ
mϕ

¼ 5.86ð10Þ
9

: ðB12Þ

The threshold values s0 and s1 have been adjusted to
reproduce the corresponding lattice results for ahvpμ . The
model R ratios of Eqs. (B8) and (B9) were used [62] in
the linear combination ð18Rl

I¼0 − 9RsÞ in order to model
the SUð3Þf -breaking contribution Π08, which enters the
running of the electroweak mixing angle. Our model for
this linear combination also obeys an exact sum rule,R∞
0 dsð18Rl

I¼0 − 9RsÞ ¼ 0, within the statistical uncertain-
ties. We now evaluate the window quantity for the models
of Eqs. (B8) and (B9). For the strangeness contribution, we
have

awin;sμ ¼ ð27.6% 0.3statÞ × 10−10; ðB13Þ

TABLE IV. Fractional contributions in percent from different regions in
ffiffiffi
s

p
to ahvpμ and the partial quantities

ðahvpμ ÞSD;ID;LD, as well as the subtracted vacuum polarization at scale Q2 ¼ 1 GeV2, according to the R-ratio model
given in Ref. [49]. Note that this model includes neither the charm nor final states containing a photon, such as π0γ.

ffiffiffi
s

p
interval ahvpμ ðahvpμ ÞSD ðahvpμ ÞID ðahvpμ ÞLD Π̄ð1 GeV2Þ

Below 0.6 GeV 15.5 1.5 5.5 23.5 8.2
0.6 to 0.9 GeV 58.3 23.1 54.9 65.4 52.6
Above 0.9 GeV 26.2 75.4 39.6 11.1 39.2
Total 100.0 100.0 100.0 100.0 100.0

4For orientation, the charm contribution to ahvpμ is 14.66ð45Þ ×
10−10 [17], and the π0γ channel contributes 4.5ð1Þ × 10−10 [3].
Adding these to Eq. (B6), the total is 691.9 × 10−10, con-
sistent within errors with the White paper evaluation of
693.1ð4.0Þ × 10−10.

WINDOW OBSERVABLE FOR THE HADRONIC VACUUM … PHYS. REV. D 106, 114502 (2022)

114502-19

[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]
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<latexit sha1_base64="04fCdWvv8aMULColFv2XdDL6NB4="></latexit>

p
s = 600 � 900 MeV:

R(s)lat

R(s)e+e� = 1 + ✏ )
(ahvp
µ )lat

(ahvp
µ )e+e�

⇡
(awin
µ )lat

(awin
µ )e+e�

= 1 + 0.6✏

[Mainz/CLS,	Cè	et	al.,	Phys	Rev	D	106	(2022)	114502]	• Phenomenological	model	for	 -ra$o	predictsR

<latexit sha1_base64="tMfJLxOi0+4JXCT3R3CtvI3BzZo="></latexit>

(awin
µ )lat/(awin

µ )e+e� = 1.029(7) )• La_ce	average	vs.	 -ra$o:R

				 	is	enhanced	by	5%	rela$ve	to	 	for		⇒ R(s)lat R(s)e+e−
s = 600 − 900 MeV

• If	confirmed,	it	would	imply	that	BMW-2020	might	be	too	low….

Similar	conclusions	

• Dispersive	treatment	of	pion	form	factor	

• “Energy-smeared”	 -ra$o	from	la_ce	data	R
[Colangelo,	Hoferichter,	Stoffer,	PLB	814	(2021)	136073]

[ETMC,	Alexandrou	et	al.,	PRL	130	(2023)	241901]
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More	windows….

18

Short-distance	window

• Finite-volume	correc$on	negligible	

• Uncertainty	dominated	by	discre$sa$on	effects

• 5%	enhancement	of	 	for	 	
increases	 	by	 		

• Expecta$on	confirmed	by	la_ce	calcula$ons

R(s)lat s = 0.6 − 0.9 GeV
(awin

μ )SD +1 × 10−10

Long-distance	window

• New	result	by	RBC/UKQCD	for	light-quark	contribu$on:
[Ch.	Lehner	@	La_ce	2024]

(aud, conn
μ )LD = (411.4 ± 4.3 ± 2.3) ⋅ 10−10

One-sided	long-distance	window

• BMW-DMZ	compute	window	from	 :	

• Combine	with	data-driven	method	for		

t = 0 − 2.8 fm
t = 2.8 fm → ∞ [Boccale_	et	al.,	arXiv:2407.10913]

(ahvp
μ )00→28 = (686.4 ± 1.9 ± 2.3) ⋅ 10−10
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Ongoing	calcula$ons

19

Several	collabora$ons	prepare	for	publica$on	of	results	with	 	by	end	of	2024≲ 1 %
• Deadline	for	inclusion	in	White	Paper	Mark	II:		15	Nov	2024	

• Blinding	now	rou$nely	applied
`-quark connected

I Considering models to reduce lattice artefacts and improve continuum extrapolation
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[Figure from BMW (2021)]

9 / 12

ETMC

[Garofalo	@	La_ce	2024]

• twisted-mass	Wilson	fermions	

• four	la_ce	spacings

allµ (conn.) - LD window

[Lynch	@	La_ce	2024]

Fermilab-HPQCD-MILC
• staggered	fermions	

• five	la_ce	spacings
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[Kuberski	@	La_ce	2024]

Mainz/CLS
• 	improved	Wilson	fermions	

• six	la_ce	spacings

O(a)



Hartmut	Wittig

Ongoing	calcula$ons
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Several	collabora$ons	prepare	for	publica$on	of	results	with	 	by	end	of	2024≲ 1 %
• Deadline	for	inclusion	in	White	Paper	Mark	II:		15	Nov	2024	

• Blinding	now	rou$nely	applied

SDwin IDwin LDwin ud conn total HVP

Aubin & al

χQCD

BMW

ETMC

F-H-M

Mainz

RBC/UKQCD

“Landscape”	of	la_ce	calcula$ons	of	the	HVP	contribu$on:

published	/	preprint

ongoing	/	blinded
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Summary	and	outlook
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“Agreement	is	not	a	useful	scienUfic	concept”
Guido	MarUnelli,	ca.	1994
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Summary	and	outlook
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No	straighxorward	interpreta$on	of	the	Fermilab	E989	experiment

✻pre-2023

Discrepant	determina$ons	of	the	HVP	contribu$on:	

• Tensions	between	la_ce	QCD	and	the	spectral	func$on	determined	from	 	data✻	

• Tension	in	 channel	between	BaBar	vs.	KLOE	and	CMD-3	vs.	all	other	results

e+e−

π+π−

La_ce	results	for	ID	window	are	remarkably	consistent

Experimental	measurement	of	the	HVP	contribu$on	by	MUonE	experiment

Second	White	Paper	out	by	the	$me	E989	release	their	final	result		(early	2025)	

More	la_ce	results	to	come	for	total	HVP	contribu$on	with 	precision≲ 1 %


